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Abstract Free-floating space manipulator systems include
at least one manipulator mounted on an unactuated space-
craft. It is known that such systems exhibit nonholonom-
ic behavior due to angular momentum conservation. In this
paper, the initial angular momentum of the system is not
assumed to be zero and its influence on system behavior is
studied. In contrast to the case of zero initial momentum, in
the presence of momentum, the manipulator end effector in
general cannot remain at a given location for indefinite time.
The paper studies the conditions under which this is possi-
ble, rendering the end-effector immune to angular momen-
tum accumulation. The relevant kinematics and dynamics are
studied in 2D and 3D systems, and workspace subsets, where
the end effector can remain fixed, are identified. Examples
illustrate the validity of the results.

Keywords Free-floating space robots - Non-zero angular
momentum - Nonholomic systems - Workspace and speed
constraints - Planning and control

1 Introduction

Robotic manipulators are already playing an important role in
planetary exploration and on orbit due to their ability to actin
environments that are inaccessible or too risky for humans.
On-orbit robotic systems, or free-flying space manipulator
systems, include a satellite base equipped with thrusters and
reaction wheels or gyros, and mounted robotic manipula-
tors. Two examples of such systems are the ETS-7 [1] and
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the Orbital Express [2]. In general, to increase a system’s
life span, it is desirable to avoid using thrusters for transla-
tion/ rotation maneuvers or for desaturating of momentum
devices. Also, during manipulation operations, it is desirable
to have the base thrusters turned off to avoid interactions
with the target. If all base actuators are off, the spacecraft is
permitted to translate and rotate in response to manipulator
motions, and the system operates in a free-floating mode. In
principle, this mode of operation is feasible only when no
external forces and torques act on the system.

A free-floating space robot is an underactuated system
exhibiting a nonholonomic behavior due to the nonintegra-
bility of the angular momentum [3]. This property compli-
cates their planning and control, which have been studied by a
number of researchers. To describe the system’s kinematics,
Vafa and Dubowsky [4] have developed the Virtual Manip-
ulator, and proposed a planning technique, which employs
small cyclical manipulator joint motions to modify a space-
craft’s attitude. Papadopoulos and Dubowsky [5] studied the
path-dependent Dynamic Singularities and showed that their
inertial space location is a function of the dynamic properties
of asystem. Also, the same authors showed that any terrestrial
control algorithm could be used to control end-point trajec-
tories, despite spacecraft motions [6]. Umetani and Yoshida
[7] introduced the free-floating system generalized Jacobian
that, in the absence of external forces and torques, reflects
both momentum conservation laws and kinematic relations.
The generalized Jacobian has been employed in solving the
inverse kinematics of a space manipulator mounted on a
free-floating spacecraft [8]. Franch et al. [9] used flatness
theory to plan trajectories for free-floating systems. Their
method requires selection of robot parameters so that the
system is made controllable and linearizable by prolonga-
tions. Agrawal et al. [10] extended this method to a three-
link spatial space robot. Tortopidis and Papadopoulos [11]
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developed a polynomial function based planning method-
ology, that allows simultaneous manipulator end-point and
spacecraft attitude control using manipulator actuators only.
Dimitrov and Yoshida [12] introduced a holonomic distribu-
tion control concept to plan reactionless end-effector paths to
apoint in Cartesian space. In [13], the same authors proposed
two trajectory planning schemes for a manipulator approach-
ing a target object. Xu et al. [14] have proposed an approach
to plan the Cartesian point-to point path of the end-effector
and adjust the base attitude at the same time.

Examining the research works mentioned above, one finds
that almost all assume that the initial system angular momen-
tum is zero. However, during operations, small amounts of
angular momentum tend to accumulate. In general, this
momentum can be handled for a short period of time. If it
increases above a threshold, thruster jets or reaction wheels
must be turned on to eliminate it. However, the extensive
use of thruster jets limits a robotic system’s useful life span.
Also reaction wheels tend to saturate and ultimately also
require use of thrusters for despinning. Therefore, the abil-
ity to work on orbit under the presence of small amounts of
angular momentum without the use of additional actuators is
important.

A free-floating space robot with initial angular momen-
tum is an affine system with a drift term. This term is caused
by the angular momentum and complicates the path plan-
ning and control of such systems. To date, a limited number
of studies have dealt with such systems. Matsuno and Sai-
to [15] have proposed an attitude control law, considering a
planar two-link space robot with initial angular momentum,
i.e., a typical example of a 3-state and 2-input affine system
with a drift term. Although the controller takes the system to
the desired location, the system drifts away due to the non-
zero angular momentum. Yamada et al. [16] have presented
a path planning scheme for a single arm on a free-floating
satellite, equipped with momentum wheels. This method uti-
lizes the angular momentum of the base, without causing its
nutation, which occurs unless the final attitude of the satellite
is the same as the initial one. Nenchev et al. [17] have pre-
sented a method of analyzing a redundant free-flying system.
They presented kinematic and momentum equations includ-
ing non-zero momentum and focused on the redundant nature
of such systems. They resolved system redundancy using
least squares approach and applied the solutions on system
tasks with zero momentum. Dimitrov and Yoshida [18] have
presented a strategy for capturing a tumbling satellite by
a space robot. They proposed an angular momentum dis-
tribution in the chaser satellite, by controlling the reaction
wheels and manipulator joints torque inputs. Mechanical sys-
tems, such as gymnastic and jumping robots, are described
by similar dynamics and behaviors. Mita et al. [19] have
introduced an analytical time optimal solution for an acro-
bot with non-zero initial momentum. They have shown that
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Fig. 1 A free-floating space manipulator system

time optimal trajectories can be obtained using singular con-
trol and switching controllers. Papadopoulos et al. [20] have
developed an optimization-based method for the trajectory
planning of gymnastic robots. The planning scheme depends
strongly on the initial robot angular momentum. The method
can lead the robot to a desired final configuration from an
initial one, and in prescribe time.

In this paper, the influence of non-zero initial angular
momentum on the behavior of a free-floating space robot, see
Fig. 1, is studied. We investigate the possibility of keeping
the end-effector of a free-floating manipulator system fixed,
in the presence of angular momentum. In contrast to the case
of zero initial momentum, in the presence of momentum, in
general the manipulator end effector cannot remain at a given
location for a long time. The conditions under which this
is possible are studied aiming at rendering the end-effector
location immune to angular momentum accumulation. The
relevant kinematics and dynamics constraints are studied in
2D and 3D systems, and subsets of a system’s reachable
workspace, where the end effector can remain fixed, are iden-
tified. The method is applicable to 2D and 3D systems and
is illustrated by two examples.

2 Dynamics of free-floating space manipulators

This section develops briefly the equations of motion of a
rigid free-floating system with no external forces or torques,
but with non-zero angular momentum. This can occur due to
small collisions with the environment or due to on-off atti-
tude controller inaccuracies. According to current practice
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in space, the manipulator has revolute joints and an open
chain kinematic configuration, so that, in a system with an
N degree-of-freedom (dof) manipulator, there will be N + 6
dof in total. Under the assumptions of absence of external
forces, the system Center of Mass (CM) does not accelerate,
and the system linear momentum is constant. With the fur-
ther assumption of zero initial linear momentum, the system
CM remains fixed in inertial space, and the origin, O, can be
chosen to be the system’s CM.

For such a system, the conservation of angular momentum
can be written as

'D(q)° w0y + "Dq(q)d = R} (e, n)hcem (1)

where “wy is the spacecraft angular velocity expressed in the
spacecraft Oth frame, the N x 1 column vectors q, q rep-
resent manipulator joint angles and rates, respectively, and
p, 0Dq are inertia-type matrices of appropriate dimensions,
given in Appendix B. Rq (g, n) is the rotation matrix between
the spacecraft Oth and the inertial frame expressed as a func-
tion of the Euler parameters €, n corresponding to the space-
craft attitude, [21,22] and hcy is the system’s initial angular
momentum.

The end effector position vector, rg, expressed in the iner-
tial frame is given by

N
re = rem + Ro(e, n) D 'Ri(@)'uiN E )
i=0
where rcym is the position of system CM with respect to
the inertial frame, YR; is the rotation matrix between the
ith frame, and the Oth frame and "uiN,E are the barycentric
vectors (body-fixed vectors [5]) that depend on system mass
properties and are given in Appendix A.
Differentiating Eq. (2) yields

rg = Icm + Ro(e, n) (OJnOwo + OJIZ(I) &)

where the 9J11, 9J1, terms are functions of the system con-
figuration q and are given in Appendix B. The end effector
angular velocity is given by

op = Ro(e.n) ("0 + °J2d) )

where the °J», term is function of the system configuration
q and given in Appendix B.

To obtain the equations of motion of the system, first the
system kinetic and potential energy have to be derived. The
system kinetic energy is given by

N N
1 1
T = 5 ._EO miOV;rOVi + 5 i_EO O(n);-rolio(a)i 5)

where Ov; and %w; are the linear velocity of the CM of
body i and the angular velocity of body i,respectively, both
expressed in spacecraft frame. It can be shown that these

velocities can be written as functions of q and [Owg, q"".
The matrix °T; is the inertia tensor of the body iexpressed in
spacecraft frame. The potential energy due to gravity is zero,
and since the system is assumed to be rigid, the potential
energy due to flexibility is also zero.

The system Lagrangian L is then equal to the system
kinetic energy. Following some derivations, this is written
as

) 1 o1, .
L(Owo,q, q)=§° 3°D°wo+°w$°qu+§qT°quq (6)

where Oqu is an inertia-type matrix of appropriate dimen-
sions which depends on the configuration q and is given in
Appendix B. Using [Owg, q"]Tas the vector of generalized
speeds, and employing a quasi-coordinate formulation yields

[22,23]
d (aL(Owo, q. q))

0(1)>< 8L(0(“)07 q, q)
dt 30(.0()

=R} 7
0 aowo OgCM ( )

4 (auowo, q, q)) _ Ll q @ _ (8)

dt q aq

where gcm is the vector of the moments of external forces
acting on the spacecraft, with respect to the CM, expressed in
the inertial frame, the symbol (e)* denotes the construction
of a skew-symmetric matrix from the components of (e), and
T is the joint torque vector.

Substituting Eq. (6) in Egs. (7) — (8) and setting gcm = O,
it can be shown that the N equations of motion for a free-float-
ing system, in the presence of angular momentum, hcyy, have
the form

H(q)4 +cn(e,n,hem. q, @) = 9

where H(q) is a NxN positive definite symmetric matrix,
called the reduced system inertia matrix, while the vector cp
contains the nonlinear Coriolis and centrifugal terms and is
a function of the non-zero system angular momentum, hcp,
see Appendix C. Note that in the 3D case, the system’s equa-
tions of motion depend on the spacecraft’s attitude, described
by the Euler parameters €, n.

3 Workspace and speed constraints

In this section, we study the existence of locations in the
robot’s reachable workspace where the end effector can
remain indefinitely executing a task (e.g. inspection or dock-
ing preparation tasks), in the presence of initial angular
momentum. It is well known that in the absence of angular
momentum, the end effector can remain fixed at a point of
the reachable workspace although the base may be floating.
But the existence of angular momentum results in a system’s
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motion according to the conservation of the angular momen-
tum, making the problem quite demanding.
To have the end effector location rg fixed, we set

rg = [x£, Y, 2E]" = const. (10)

Since the main concern is to control the end effector position
and not the spacecraft attitude which may be changing, one
must ensure that there is a manipulator configuration which
results in the desired end effector position, independently of
the spacecraft attitude. Equivalently, this requires that the
inverse kinematic problem

gi = fitg,e,n) i=1,...,n (1)

has always solutions, independently of the spacecraft atti-
tude. The solution to this inverse problem is a function of
the end effector position, given by the vector rg, and the
spacecraft attitude described by the Euler parameters €, n.

Equation (10) is equivalent to zero end effector linear
velocity. For a fixed system CM, Eq. (3), yields

9J11%0 + %J12g =0 (12)

The satisfaction of the above kinematics constraints is a nec-
essary but not a sufficient condition. In addition, one must
check that the conservation of angular momentum, given by
Eq. (1) is satisfied.

Combining Eq. (1) and Eq. (12) in matrix form results in
the following equation:

Owy R{hcm
A [ q ] a [ 0 ] 4
where the 6 x (N + 3) matrix A is given by
‘D ‘D
A= 4 14
[OJu OJ12] 14

In solving Eq. (13) for the velocities, one can distinguish the
following cases, depending on N:

(a) N < 3. Then, Eq. (13) has no solution in the general
case.

(b) N = 3. In this case, Eq. (13) has only one solution, if
and only if

det(A) = det(°D) det (—OJI]OD_l 0Dy +°J 12) #£0 (15)

where triangularization techniques were used. Since D is
always invertible, then the following must be true:

det (—°311°D7" °D, +°J12) #0 (16)

Note that Eq. (16) does not depend on a system’s angular
momentum, but only involves the system configuration q. If
one treats Eq. (16) as an equality, then this equation defines
a hypersurface in the joint space q. Then, if the manipulator
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is in one of these configurations, no solution to the problem
exists.

Itis interesting to identify the Cartesian locations in which
these configurations may occur. To this end, note that the end
effector distance R from the system CM is given by

R = (e n, @)l = |Ro(e, ) re(a)

= IRo(e. ) | *rec@| = |re@)| a7)

i.e., R is only a function of q. Therefore, Eq. (17), in conjunc-
tion with Eq. (16), can be used to exclude from the reachable
workspace all locations in which Eq. (13) does not have a
solution. According to Eq. (17), the distance of the end effec-
tor from the system CM does not depend on the base attitude
and for a given manipulator configuration is constant. This
means that if the manipulator has a given configuration, then
its end-effector lies on a circle (in the planar case) or on a
sphere (in the spatial case), whose radius is given by Eq. (17).
This observation can be exploited as follows: First, Eq. (16)
is solved as an equality, to yield singular configuration sets.
These define a hypersurface in the configuration space. Using
Eq. (17), these sets yield radii of Cartesian space circles (pla-
nar case) or spheres (spatial case) to which, if the end-effector
lies at some instance, then it cannot stay there in the pres-
ence of angular momentum. These circles or spheres are sub-
tracted from the reachable workspace to reveal the workspace
regions that can tolerate non-zero angular momentum.

Note that Eq. (16) also appears in the calculation of the
dynamic singularities, [5]. However in this case, the con-
ditions are different (zero angular momentum), while the
aim is to ensure singularity-free Cartesian space motions.
Equation (16) shows that the system can tolerate non-zero
angular momentum at the same workspace subsets in which
dynamic singularities cannot exist. If the end effector is in a
region where dynamic singularities may occur, then it will
not remain at a fixed position under the presence of angular
momentum.

If Eq. (16) is satisfied, then the solution of Eq. (13) is

O D Dy 7' [RThem
. == 0 0 (18)
q Jiu Pl 0
Using block matrix properties [21], one can finally find that

the spacecraft angular velocity expressed in the spacecraft
Oth frame, is given by

Ywo = "D~ + D7 "Dy (=011 D7 Dy + °J12) !
%311 °D R hem (19)

while the vector of the joint rates is given by

q=—"J1'D7''Dy +°31) 7 31 "D 'R hem  (20)

Equation (20) allows one to plan joint motions that keep the
end effector fixed, despite the presence of angular momentum
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hcm. The spacecraft angular velocity that will result is given
by Eq. (19).

(c) N> 3.Inthis case, Eq. (13) has more than one solution.
The optimal solution (in the least squares sense) is given
by

O(x)() A+ RghCM
3] (]

where A7 is the pseudoinverse of matrix A, assuming it is
of full rank. Therefore, for Eq. (13) to have a solution, the
manipulator must have at least three dofs.

If it is desired that the orientation of end effector be fixed
too, then the end effector’s angular velocity, given by Eq. (4),
must be zero. Therefore,

Owo+J0ng=0 (22)

Combining Eq. (1) to Egs. (12), and (22), results in the fol-
lowing matrix equation:

* 0(’)0 RghCM
A | = 0 (23)
1 0

where the 9 x (N + 3) matrix A* is given by

D Op,
A*=| %y OJpp (24)
I )y

where I is the unit matrix. It is easy to show that in this case,
Eq. (23) can be solved if the number of manipulator joints is
at least six.

In the case of N = 6, Eq. (16), which contributes to the
workspace constraints, takes the form

det(=°J;5,°D7 1Dy + °J%,) £ 0 (25a)
where,

O =[5 (25b)
Fn =[5 L] (25¢)

In this case, the vector of the joint rates is given by

q — _(_OJTIOD—l ODq + OJTZ)—I OJTIOD—lehCM (26)

and the spacecraft angular velocity that will result is given

by

Owo — [OD—I + OD—l ODq(_OJTIOD—l ODq + OJTZ)—I
°37,°D7 IR hew @7

Note that the joint rates and the spacecraft angular veloc-

ity in Egs. (19)—(20) and (26)—(27) are proportional to the

initial angular momentum and vanish when the momentum
is zero, i.e., the system can always remain at fixed location

without executing any motions when its angular momentum
is zero. Equation (27) can be used to compute the evolution
of the Euler parameters (g, N), and that of the rotation matrix
Ry(e, n) as follows [22]:

¢ = (1/2)[e* + n1]%ag
n=—(1/2)e"wg

(28a)
(28b)

4 Planar systems

The above equations are simplified significantly in the case
of planar motions. The conservation of angular momentum,
Eq. (1), can be written as

Déy + Dy = hcm (29)

where 6y is the spacecraft attitude and hcps is the initial
angular momentum, perpendicular to the plane of motion.

The end effector position vector, rg, expressed in the iner-
tial frame, given by Eq. (2), can be written as

N

rg = rem + Ro(60) D "Ri(@) uin g (30)
i=0

The end effector linear and angular velocity, given by
Egs. (3)-(4), take the form, respectively,

(31a)
(31b)

g = fem + Ro(0) 1160 + J129)
wg = Ro(60) (G + J2q)

The system Lagrangian, given by Eq. (6), is written as
. . | A .
LB, q, @) = D65 + oDqd + 4" Dgqq (32)

Note thatin this case, L, is a function of the spacecraft angular
velocity 6y and of q and q only, since the D-terms are func-
tions of the configuration q and not of the spacecraft attitude
Bo. Then, the spacecraft attitude is an ignorable (cyclic) var-
iable [23,24]. The generalized momentum associated with
this variable is

oL .
b= P = D6y + Dqq = hcm = const.

A (33a)

In such case, one can construct a Routhian function R(q, q)
of the system, given below:

R(q,4) = L6, q,q) — by

Using Eq. (29), 6y can be substituted in the Routhian as a
function of q and q. Then, the Routhian function takes the
following form:

(33b)

1, . I _
R(q,q>=5qTH(q>q+hCMD 1qul—zhéMD b (34

Note that the second term of R(q, ) in Eq. (34) is linear in
the joint velocities and that the third term depends only on the
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configuration q and hence, it acts like a potential. Applying
Lagrange’s equations on R(q, ), the following equations of
motion result:

v =H(q)§ + Ch(hcMm. q, Q)4 + gu(q, hcm) (35)

The vector T = [y, ..., ty]T isthe manipulator torque vec-
tor where T; is the torque applied on the ith joint. The term
Ch(hcMm, q, Q) is an N x N matrix, a function of the system
angular momentum and contains the nonlinear Coriolis and
centrifugal terms. It is given by

. . .
Chlhew. 4. @) = C(@. @) + hew [— {p~'Df]

aq
ol

where C(q, q) is the matrix of nonlinear Coriolis and centrif-
ugal terms when the initial angular momentum is zero [3].
The vector gn(q, Aicm) is a function of the system angular
momentum and its configuration is given by

(36a)

1 d _
an(a@. how) = sheno- {07 (36b)

q

Equations (36) show that for planar systems, Cy and gy
are independent of the spacecraft attitude and therefore the
reduced equations of motion are functions only of the q, ¢
and q. Note also that the vector g, (q, 2cm) does not vanish
when q is zero.

Next, we examine the system angular momentum in con-
junction to the zero end effector linear velocity, given by
Eq. (13). In the case of planar motion, this equation is writ-
ten as

601 _ [hem
(4%
where 0 is a 2 x 1 vector. The dimension of the matrix A
(defined in Eq. (14)) here is 3 x (N + 1). Equation (37) has
a solution only when the number of manipulator joints is at

least two. In this case, the spacecraft angular velocity is given
by

fo=[D"'+D™"Dg(~J11 D~ 'Dg+J12) T D" Them (38a)
and the vector of the joint rates is given by
4=—(JuD'Dg+J12) ' J1uD " hem (38b)

If it is desired to have a fixed orientation of the end effector,
then the matrix A* in Eq. (24) has dimension 4 x (N + 1),
and Eq. (23) has a solution only when the manipulator has at
least three dofs.
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S Application examples and results

To illustrate the methodology described above, a planar and a
spatial free-floating space manipulator system are employed.
We first present the planar case.

A. Planar system

As shown earlier, the end effector of a planar free-floating
space manipulator with non-zero angular momentum can
remain at a fixed location only if the manipulator dofs is at
least two. To illustrate the methodology, the two-dof system
of Fig. 2 is employed.

The origin of the inertial frame is selected to be the sys-
tem CM. The end effector position with respect to the inertial
frame, given by Eq. (30), is written here as

(39a)
(39b)

Xg = acg, + beg, + ccy,
YE = asg, + bsg, + csp,

where a, b, c are constant terms, functions of the system mass
properties, see Fig. 2b, and are computed by equations of
Appendix A, and ¢y, = cosb;, sg, = sin6;,i =0, 1, 2.

Starting with Egs. (39), the solution to the inverse kine-
matic problem is given by

q1 = Atan2(sg,, co,) — o (40a)
q2 = Atan2(s2, c2) (40b)
where,

o = JE~ ace)? + (ye — asg,)> — b* — c?

2= 2bc ’
s2=H/1—¢3 (41a)
o — (b + cc2)(xg — acgy) + cs2(yE — asg,)

o B2 4 c2 + 2bce ’
doy = (b + ccr)(yE — asg,y) — cs2(xp — acg,) (41b)

b? + 2 4+ 2bccr

where c; = cos g and s = sin g». In Eq. (41a), the + corre-
sponds to the elbow-down manipulator configuration, while
the — corresponds to the elbow-up one.

The inverse problem has a solution only if —1 < ¢y <1,
or

b-0*<r<b+c? (42)
where
r=x+yr+a® —2a(xgce, + YESa,) (43)

Note that the function xgcg, + y£sg, can be written as

C
XECgy + yESo, = [XE VE | [SZO}
0

=y Xp + YECo = TECy (44)
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Fig. 2 A Definition of system
mass properties and
configuration parameters, B
Definition of the system’s
barycentric vectors a, b, and ¢

A

where ¢ is the angle between the two vectors appearing in
Eq. (44), ¢, = cos ¢, and rg is the distance between the end
effector and the system CM.

The extremes of r are

Fmin =1 +a’ = 2arp = (g —a)’, ¢=0  (452)
Fmax = r% +a®+ 2arg = (rg + a)z, Qo= (45b)
Inequality (42) is satisfied only when

Fmin = (0 = €)%, rmax < (b + )’ (46)

Inequalities (46) yield two solutions. The first solution yields

a+|b—c|<rg<b+c—a (47a)
with a < min(b, ¢). The second solution is
rg <min(—a+b+4c,a—|b—cl) (47b)

with |b — c| < a < b+ c. Satisfaction of one of the inequal-
ities (47) indicates the bounds for the end-effector location
that satisfy Eq. (10), i.e., the end effector is fixed, and stem
from kinematic requirements.

In addition, Eq. (16) must be satisfied. In this case

S(q1, ¢2) = det(=J11 D' Dg + J12)

= abDss| + bcDysy —acDys12 #0 (48)

where s1 = singqq, s12 = sin(q1 + ¢2).

Note that equation S(gq1, g2) = 0 corresponds to a joint
space surface. If this surface is mapped to the Cartesian space,
then it defines circles with radii that depend on system param-
eters and define an area where the dynamics constraints are
satisfied. Satisfaction of both the kinematics and dynamics
constraints yields the workspace part at which the end effec-
tor can remain indefinitely, despite the accumulated momen-
tum. Then, the angular velocity of the spacecraft and the joint

Manipulator

& System CM @) System CM
& Body CM @ Body Barycenter
Spacecraft

Table 1 Parameters for the free-floating system of Fig. 2

Body l; (m) ri (m) mi (kg) Ii(kgm?)
0 0.50 0.50 400.00 66.67
1.00 1.00 40.00 3.33
2 0.50 0.50 30.00 2.50
rates are given by Egs. (38), which results to
é besz (49a)
0= o "cm a
S(q1,92)
. acsiy + besy
g1 =————— (49b)
S(q1,q2)
. abs| + acsia
Q2= —————hcMm (49c¢)
S(q1,92)

When A is singular (i.e., S(q1,¢g2) = 0), the joint rates,
given by Eqgs. (49), increase to infinity and the end effector
is displaced from its desired location. Next the response of a
system whose parameters are given in Table 1 is presented.

Based on these parameters, one can find that a = 0.4255 m,
b=1.7872 m, c =0.9681 m and that the workspace limits in
which the end effector can stay fixed are given by 1.2447m <
rg < 2.3298 m.

Figure 3 shows snapshots of the motion of the free-floating
space manipulator system for end effector desired position at
xg = 1.5m, yg = Im which, according to Eq. (47a) and the
computed limits, is a feasible point (rg = 1.8027 m). The
gray area in Fig. 3 represents the workspace area where kine-
matics and dynamics constraints are satisfied. Note that, in
general, the workspace areas where the dynamics constraints
are satisfied are different from these ones where the kinemat-
ics constraints are satisfied, although in this case the two areas
are equal. The base initial orientation is 6y(0) = 0° and the
initial angular momentum of the system is Acy = 0.5 Nms.
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y (m)

X (m)

Fig. 3 Motion animation of space manipulator with zcy = 0.5 Nms

The duration of motion is chosen to be 7y = 2,000 s, but it
can be arbitrarily long.

The trajectories and the rates of the configuration variables
are shown in Fig. 4a, b. It can be seen that all trajectories are
smooth throughout the motion. In this case, the first joint
angle increases with time; therefore, either a special joint
design will be required, or the motion time will be set by the
joint limits. Since in space systems the accumulated angu-
lar momentum is very small, it is expected that the standard
joint limits are enough to keep the endpoint fixed for long
enough time from the practical point of view. The required

The joint torques that correspond to the motion in Fig. 3
are computed using Eq. (35) and are shown in Fig. 4c. We
examine the magnitude and the smoothness of the applied
torques in order to verify that the task does not require large
torques or high-frequency torque transients (e.g., no chatter-
ing). As shown, the required torques are small and smooth,
guaranteeing motion feasibility.

Note that the joint rates are proportional to the system’s
angular momentum, see Eqs. (49). Therefore, if the initial
momentum is doubled (i.e., hcm = 1 Nms), these rates
will double, and the system will execute the same motion
as before, but in half the time, as shown in Figs. 5a, b. How-
ever, the required joint torques, given by Eq. (35) will be
larger than double, since the torques are not proportional to
the increase in the angular momentum, see Fig. 5c. This is
due to the fact that the Cy, terms are nonlinear functions of
the joint rates. Figure Sc shows that despite the increase of
the angular momentum, the required task can be executed by
joint motors.

B. Spatial system

As shown earlier, the end effector of a spatial free-floating
space manipulator can remain at a fixed location in the pres-
ence of non-zero angular momentum, only if the manipulator
dofs are at least three. To illustrate the methodology, the spa-
tial system with the three-dof anthropomorphic manipulator
shown in Fig. 1 is employed.

Again, the origin of the inertial frame is selected to be
the system CM. The end effector position with respect to the
inertial frame, given by Eq. (2), is written as

ay + ci(ccy +dceaz)

task is executed by joint motors. So it is important to know rg = Ro | ay +s1(ccr + dep3) (50)
if the required torques can be applied by a system’s motors. a; + sy + dsy
Fig. 4 hcy = 0.5Nms: X 102 x10° x 10
a Spacecraft attitude and joint (a) S 10 5 1 S 5
angles trajectories, b rates of S 5 § 0 \8, 4 0/\/\
spacecraft attitude and joint & 5 ] \ s 1
angles TldC;qu“eS on % 1000 2000 0 1000 2000 0 1000 2000
manipulator forearm and upper t(s) t(s) t(s)
arm
-3 -3 -3
(b) 7\0\10X10 ’\07-5)(10 ‘ 2 5X10 ‘

K 3 3

g s \/\/\/\/\ g /\/\/\/\/ 8 0 /\/-\/

s 6 ' " 10 'S 5

0 1000 2000 0 1000 2000 0 1000 2000
t(s) t(s) t(s)
-3 -3
(c) £ 1 x 10 = 1% 10

£ z

- \/\/\/\/\, SN\

. T

0 1000 2000 0 1000 2000
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Fig. 5 hcy = 1 Nms: a

x 10 x 10 x 10
Spacecraft attitude and joint (a) 5 10 1 5
angles trajectories, b rates of ) I 54
= T o0 e < -10 b
spacecraft attitude and joint - - \ =
angles and ¢ torques on ® 0 c -4 c 15
manipulator forearm and upper 0 500 1000 0 500 1000 0 500 1000
arm t (s) t(s) t(s)
.3 ) -2
(b)A20X1O . 10x10 ‘ _ 1x10 ‘
L 2 d
© ©
10 "7 20 S
0 500 1000 0 500 1000 0 500 1000
t(s) t(s) t(s)
2 -3
E E
Z ol /\ /) Z 0 /\/‘\/
T T 5
0 500 1000 0 500 1000
t(s) t(s)
or, There are four cases of possible manipulation configurations,
0 depending of the signs in Eq. (54). The inverse kinematic
ci(eer +dey) = ox E = Ox (51a)  broblem has a solution only when
s1(ccr +dexz) = "yE —ay (51b) | . s
— 1 <c3 <
esy +dsy =2 — . (5lc) =5 = (56)

where o, ay, o, ¢, and d are components of the system bary-
centric vectors, given in Appendix A, and s; = sing;, ¢; =
cosg; $23 = sin(qz2 + g3), c23 = cos(q2 + q3) where g;
is the ith joint angle of the anthropomorphic manipulator of

Fig. 1 and

T
Org = [%g Oye 26 ] =R{re (52)
The inverse kinematic problem yields
gi = atan2(sj,ci), i=1,2,3 (53)
where,
2 2 22 2

px+tpy+p;—c —d [
c3 = ch , §3 = +./1— C3 (543)

dp.ss £ (¢ +dc3), [ p? + p2
= ,

2 +d?+2cdcs
(¢ +dc3)p, Fdss,/ p? + p?
_ 54b
52 2 +d? + 2cdcs (54b)
PAR o S - (54c)
N R VPt

and
Px = OXE — Oy (55a)
py ="y — oy (55b)
p: ="2k —a; (55¢)

Inequality (56) gives:
(c—d)? < Ox%—i-oy%—i-oz% +a§+a§+oczz
—2(xpay + ypay +2pa) < (c+d)*  (57)

Using Eq. (52), the following inequality results:

(c—d)? <R<(c+d)? (58)
where,

R = [rg/* + |a|* — 2 |rg| la| cos ¢ (59a)
o= [ax ay o ]T (59b)
The extremes of R are

Rmin = (Irg| — la))?, ¢ =0 (60a)
Rmax = (It| + [@])?, ¢ =7 (60b)
Inequality (58) is satisfied only when

Rmnin > (¢ — d)? (61a)
Rinax < (¢ 4 d)? (61b)

Inequalities (61) yield two solutions. The first solution is

le| +]c —d| < |rg| < —lal+c+d (62a)
with |a| < min(c, d).

The second solution is
[rg| < min (= |a| +c+d, || — |c —d]) (62b)
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Table 2 Parameters of the spatial system shown in Fig. 1

Body /;(m) ri(m)  mj(kg) Ix(kgm?) Iyy(kgm?) I.(kgm?)

0 - [0,0,0.5]T 400.00 66.67 66.67 66.67
1 00 0.0 0.00 0.00 0.00 0.00
2 05 05 30.00 0.001 2.50 2.50
3 05 05 20.00  0.001 1.70 1.70

with |a — b| < || < ¢ + d. The satisfaction of one of the
inequalities Eq. (62) is a prerequisite so that the end effector
can remain fixed.

However, in addition one must check the satisfaction of
Eq. (16). If the system assumes a configuration, for which
Eq. (16) is not satisfied, then the base angular velocity and
the joint rates, given by Egs. (19), (20), increase to infinity
and the end effector is displaced from its desired location.

Next a simulated spatial experiment is presented. The
system parameters are given in Table 2. The initial angu-
lar momentum of the system with respect to the inertial
frame is assumed to be hem = [.3, 0, .3]1"Nms. The ini-
tial orientation of the spacecraft in Euler parameters is gy =
[0,0,0.51T, np = +/0.75.

Using the parameters in Table 2 and Eqgs. (A1)-(A7), we
find that || = 0.4444 m, ¢ = 0.9222 m, d = 0.9778 m, and
the workspace limits, given by Eq. (62a), are 0.5 m < |rg| <
1.4556 m. The above limits give the workspace area where
the end effector can be set independently of the spacecraft
attitude. In addition, one must check where Eq. (16) is satis-
fied. Figure 6 shows the cross section and the radii R of work-
space spheres where Eq. (16) is satisfied (area A). Figure 7
shows snapshots of the system motion for end effector desired

Fig. 7 Motion animation of the
spatial space manipulator
described in Table 2. Despite the
non-zero angular momentum,
the end-effector remains fixed in
inertial space

@ Springer
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Xg (m)

Fig. 6 Workspace cross section displaying the radii R of workspace
spheres at which Eq. (16) is satisfied (area A) or is not (area B)

position at xg = 0.2 m, yg = 0.5 m, zg = 0.5 m which,
according to Eq. (62a) and Fig. 6, is a feasible point. The
trajectories of the spacecraft attitude expressed by x —y — z
Euler angles and the configuration variables are shown in
Fig. 8a, b, while Fig. 8c, d show the spacecraft angular veloc-
ity expressed in the inertial frame and the robot joint rates.
It can be seen that all trajectories are smooth throughout the
motion. The joint torques that correspond to the motion in
Fig. 7 are computed using Eq. (9) and displayed in Fig. 8e.
The required torques are small and smooth, guaranteeing
motion feasibility.
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Fig. 8 a trajectories of spacecraft attitude expressed by x — y — z Euler angles, b trajectories of manipulator relative joint angles, ¢ spacecraft
angular velocity with respect to the inertial frame, d rates of manipulator relative joint angles and e torques applied on manipulator joints

6 Conclusions

In this paper, the initial angular momentum of a free-floating
space manipulator system was not assumed to be zero and the
influence of this momentum on system behavior was studied.
In contrast to the case of zero initial momentum, in the pres-
ence of momentum, the manipulator end effector in general
cannot remain fixed in a position for an indefinite time. This
work studied the conditions under which it is possible to keep
an end effector fixed. The relevant kinematics and dynamics
constraints were studied in 2D and 3D systems. The analysis
resulted in subsets of a system’s reachable workspace where
the end effector can remain fixed. It was shown that keeping
the system at one of the feasible locations results in smooth
motions and reasonable torques. The application of the meth-
odology was illustrated using a 2D and a 3D example.

Appendix A

The barycentic vectors ‘u;n g in Eq. (2) are given by
"WiNE = "uiN + vty (AD)

where §; 5 is a Kronecker delta, E stands for the end effector
and

rr i<k

‘u,-kz lc;k i=k
ik

ier =g

ir;k_iri_icl_

il?Zili—iC,’

fep ="l +'ri (1 — Wig1)
0 i=0
i1

J

Wi = Zﬁ 1=1,...,N
Jj=0
1 i=N+1

(A2)

(A3)
(A4)
(A5)
(A6)

(A7)

where r; and |; are defined in Fig. 2a and M is the total system

mass.

Appendix B

The inertia-type matrices and the 0311, 9J1o terms are

N
°p; = 3" p;
i=0

(BI)
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N
‘D=1 ‘p, (B2)
i=0
N
Op, = ZODJOFJ' (B3)
=1
JN N
Dyq = Z Z °F] °D;;°F; (B4)
j=1i=1
where
—m{ (O Orp) 10150t} i<j
'p;; =1 'L + ﬁmk {(Ouik 'Ouik) 1- Ouikouik} i=j (BS)
k=0
_M{(Or;.ol?‘)l—or;fol;k} i>]

where 1 is the unit dyadic. Also,
OFkE[ORllwl ORo2w; ... "R Fwy 0], k=1,....,N (B6)

where 0is a3 x (N — k) zero element matrix and wy, is the
unit column vector in frame k parallel to the revolute axis
through joint k.

N
. X
R T (B7)
i=1
N . X
Jn=->" [ORiluiN,E] OF; (B3)
i=1
%Jn ="Fy (B9)
Appendix C

The inertia matrix in Eq. (9) is given by
0 OnT O0p—10
H(q) ="Dgq — "Dy D™ "Dy (CDhH

The vector Cy, in Eq. (9) is given by

Ch=2¢; — ODE ‘p-let (C2)
where
FIQ IR 3(°Dq4
¢t = 207D +( 0Dy + ( 0’0)+ ("Dqq) q (3
iq aq

o 3(°Dg “wo) N 0(°Dgq@)  13(4""Dyq) i
2 9q 9q 2 9q

2000 Da)g 1000 Dy, (C4)

aq 2 aq

where wy, given by Eq. (1), is a function of initial angular
momentum and spacecraft attitude.
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