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Abstract

This paper addresses the combined problem of trajectory planning and tracking control for underactuated autonomous underwater
vehicles (AUVs) on the horizontal plane. Given a smooth, inertial, 2D reference trajectory, the planning algorithm uses vehicle dynamics
to compute the reference orientation and body-fixed velocities. Using these, the error dynamics are obtained. These are stabilized using
backstepping techniques, forcing the tracking error to an arbitrarily small neighborhood of zero. Simulation results for a constant
velocity trajectory, i.e. a circle, and a time-varying velocity one, i.e. a sinusoidal path, are presented. The parametric robustness is

considered and it is shown that tracking remains satisfactory.
© 2007 Elsevier Ltd. All rights reserved.
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1. Introduction

Over the past two decades, a great amount of research
has been conducted regarding the operation of autono-
mous underwater vehicles (AUVs), see Fig. 1. AUVs are
playing a crucial role in exploration and exploitation of
resources located at deep oceanic environments. They are
employed in risky missions such as oceanographic ob-
servations, bathymetric surveys, ocean floor analysis,
military applications, recovery of lost man-made objects,
etc. (Yuh, 2000). Besides their numerous practical applica-
tions, AUVs present a challenging control problem since
most of them are underactuated, i.e., they have fewer
actuated inputs than degrees of freedom (DOF), imposing
nonintegrable acceleration constraints. In addition, AUVs’
kinematic and dynamic models are highly nonlinear and
coupled (Fossen, 1994), making control design a hard task.
Underactuation rules out the use of trivial control schemes,
e.g., full state-feedback linearization (Khalil, 1996), and the
complex hydrodynamics excludes designs based on the
kinematic model only. Note that when moving on a
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horizontal plane, AUVs present similar dynamic behavior
to underactuated surface vessels (Aguiar and Pascoal,
2002; Fossen, 1994).

The planar stabilization problem for surface vessels and
AUVs, i.e., regulation to a point with a desired orientation,
has been studied by various researchers; see for example
(Aguiar and Pascoal, 2002; Wichlund et al., 1995;
Reyhanoglou, 1997; Pettersen and Egeland, 1999; Pettersen
and Fossen, 2000; Mazenc et al., 2002). In these works, it is
shown that such vehicles cannot be asymptotically
stabilized by continuous time-invariant feedback control
laws.

Trajectory tracking requires the design of control laws
that guide the vehicle to track an inertial reference
trajectory, i.e., a geometric path on which a time law is
specified. Existing tracking controller designs for under-
actuated marine vehicles in use—AUVs and surface
vessels—follow classical approaches such as local linear-
ization and decoupling of the multivariable model to steer
as many DOF as the available control inputs. According to
this methodology, the six DOF vehicle is decoupled into
two reduced dynamical systems: a depth—pitch model that
considers motion in the vertical plane and a plane—yaw
model that studies the motion in the horizontal plane.
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Fig. 1. The underactuated AUV model in plane motion.

The two resulting models are then linearized around a
constant nominal forward velocity. Control design is
carried out using standard linear (or nonlinear) methods,
see (Fossen, 1994). Other approaches include the lineariza-
tion of the vehicle’s error dynamics about “‘trimming”
trajectories—tracking with constant required velocities—
that lead to time-invariant linear systems followed by such
techniques as gain scheduling, see (Kaminer et al., 1998).
The validity of these solutions is limited in a small
neighborhood around the selected operating points.
Stability and performance also suffer significantly when
the vehicle executes maneuvers that excite the effects of its
complex hydrodynamics and nonlinear coupling terms.
On the other hand, theoretical and experimental results
on trajectory tracking for autonomous underactuated
marine vehicles show that nonlinear Lyapunov-based
techniques can overcome most of the limitations mentioned
above. The authors in Pettersen and Nijmeijer (2001) and
Lefeber et al. (2003), present experimental tracking results
for a model surface ship using Lyapunov-based controllers.
In Jiang (2002), two tracking solutions for a surface vessel
were proposed, based on Lyapunov’s direct method and
passivity approach. However, in the last three works, the
yaw velocity is required to be nonzero; under this
restriction straight lines cannot be tracked. Also, the drag
force model, i.e., the rigid body resistance as it moves
through the water is assumed to be a linear function with
respect to the velocity in all three DOF motion. This means
that the results are valid only when the vehicle moves with
low velocities. In Behal et al. (2002), the error dynamics is
transformed into a skew-symmetric form and practical
convergence is achieved; the authors also consider a linear
drag force model. The authors in Aguiar and Hespanha
(2003), have designed a controller for marine vehicles
moving in two or three dimensions that exponentially
forces the position tracking error to a small neighborhood
of the origin. However, the attitude is left uncontrolled
which may result in position tracking with undesirable
attitude. The stabilization of the velocities error is not
mentioned as well; this is an equally important matter since

even in the case of exact position tracking, large velocity
errors may lead to actuator saturation. In Repoulias and
Papadopoulos (2005), a trajectory planning and a tracking-
control algorithm for an underactuated AUV moving on
the horizontal plane were studied. The model of drag force
used was linear with respect to velocities; also the planning
algorithm was applied for a plane circular trajectory that
required constant tracking velocities from the AUV.

In this paper, the combined problem of trajectory
planning and tracking control for underactuated AUVs
moving on the horizontal plane—constant depth motion—
is addressed. The goal of trajectory planning is to generate
feasible reference inputs to the motion control system
which in turn ensures that the vehicle executes the planned
trajectory. Given a smooth 2D reference inertial trajectory,
the planning algorithm produces the corresponding refer-
ence body-fixed linear and angular velocities and accelera-
tions, as well as the reference orientation. The algorithm is
based on the dynamics of the AUV rendering the body-
fixed reference trajectory feasible. The trajectories used for
the illustration of the method are a circle with constant
body-fixed velocities and a sinusoidal curve, which requires
time-varying body velocities, i.e., nonzero accelerations. In
addition, the drag forces in all three DOF of motion are
quadratic with respect to the velocities. Using the resulting
reference variables, the vehicle error dynamics is obtained
and the control problem reduces to an error dynamics
stabilization problem. To this end, methods such as partial
state-feedback linearization, backstepping, and nonlinear
damping are used to design a time-varying closed-loop
trajectory-tracking control law which forces the tracking
errors to a neighborhood of zero that can be reduced
arbitrarily. A natural requirement in the above procedure
is that the surge velocity is nonzero. The robustness in the
presence of parameter uncertainty is also studied and the
results show that tracking remains very satisfactory.
Simulation results that demonstrate the performance of
the developed control design are presented and discussed.

2. AUV Kkinematics and dynamics

In this section, the kinematic and dynamic equations of
the motion of an AUV moving on the horizontal (yaw)
plane are described. To study the planar motion, we define
an inertial reference frame {/} and a body-fixed frame {B},
Fig. 1. The origin of the { B} frame coincides with the AUV
center of mass (CM) while its axes are along the principal
axes of inertia of the vehicle assuming three planes of
symmetry: xy is the longitudinal axis, yy, is the transverse
axis, and z, is the normal axis. Hence, the kinematic
equations of motion for an AUV on the horizontal X-Y
plane can be written as

X cosyy —siny O] [u
V| =|siny cosy Offv], (1)
W 0 0 1||r
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where x and y represent the inertial coordinates of the CM
of the vehicle and u and v are the (linear) surge (forward)
and sway (side) velocities, respectively, defined in the body-
fixed frame. The orientation of the vehicle is described by
the angle yy measured from the inertial-X axis and r is its
yaw (angular) velocity. Assuming that (i) the CM coincides
with the center of buoyancy (CB), (ii) the mass distribution
is homogeneous, (iii) the hydrodynamic drag terms of
order higher than two are negligible, and (iv) the heave,
pitch, and roll motions can be neglected, the dynamics for a
neutrally buoyant AUV with three planes of symmetry is
expressed by the following differential equations:

. mypo X X 1
=2y — Sy - My +—F,, (2a)
myy mi mi myy

. mi Y, Y,

D= — Ly — =2y — =Wy, (2b)
nap myo myo

. mipy — my N N, 1

rziuv——'r—ﬁrlﬂ—i——F,,. (2¢)
ms3 ms3 ms3 ms3

The variable F, denotes the control force along the surge
motion of the vehicle and F, the control torque that is
applied in order to produce angular motion around the z,
axis of the body-fixed frame. There is no side thruster to
control sway motion; therefore, Eq. (2b) is uncontrolled
and the AUV is an underactuated dynamical system. The
above control configuration can be realized, e.g., by
providing the vehicle with two stern propellers, see
Fig. 1. The constants m;; and m,, are the combined
rigid-body and added mass terms, and m;33 is the combined
rigid-body and added moment of inertia about the z, axis.
Xo Xuw)y Yoo Yo Ny, and N,y are the linear and quadratic
drag terms coefficients.

3. Trajectory planning

This section describes the trajectory planning methodol-
ogy. The only restriction on this trajectory is that it must be
sufficiently “smooth™, i.e., it must be a continuous, inertial,
planar curve, and three times differentiable with respect to
time.

3.1. Path kinematics

Let us assume that for the tracking control problem, the
planar path to be tracked by the CM of an AUV is given as
a time function of the inertial variables xg(?), yr(?). The
subscript “R” indicates a reference variable. The first,
second, and third derivatives with respect to time are
denoted by xgr(?), yr(?), ¥r(?), yr(?), Xr(?), Yr(?). In the
remainder of the paper, time dependence notation is
omitted.

The magnitude of the velocity vector vp of a reference
path point P at time ¢ is given by

op = Ivell = w3l Tl = /53 + 33 3)

Fig. 2. The AUV moving on a planar path.

The direction of vector vp is described by the angle f3, see
Fig. 2:

f = tan~! (yk) )

XR

The first and second derivatives of this angle are given by

i XRVR — VRYR
Xp + IR
= =.fw(xR’XR:'.X"RDJ.}RL).}R’..)}'R)’ (6)

where f, indicates that @ is a function of the derivatives of
the inertial variables up to the third order. Also, the first
and second derivatives of the velocity vp are

XRXR + JRIR

p = ——F—————
VR + IR

= i}P :,f.u(xRa jéRa -').C'RaJ.}R9j}Raj.}.R)’ (8)

where f, indicates that ip is a function of the derivatives of
XR and JR-

()

3.2. AUVs dynamics on the path

The procedure for determining the algebraic and
differential equations that relates the inertial reference
trajectory variables to the body-fixed velocities, accelera-
tions, and orientation is given next. Let the total linear
velocity vector of the AUV be vauy = [u,v]" expressed in
the {B} frame. Considering the kinematics of the AUV as
this tracks the reference trajectory, let ug, vgr, rr denote the
body-fixed reference velocities. Then, the magnitude of the
velocity vector of the CM in {B} frame is

T /
vauvR = IVauvrll = llur, vr] | = /uk + vk. ©)

As far as the reference orientation yyz—the angle between
the inertial-X axis and the body-x, axis, see Fig. 2—is
concerned, the following is observed: when the vehicle
tracks a generic planar path (with nonzero curvature), the
vector vayuy,r must be tangent to the path. As a result, ¥
does not coincide with angle f between vayyr and the
inertial- X axis but it differs by some angle y. The latter is
created as a consequence of the dynamics of the vehicle as



F. Repoulias, E. Papadopoulos | Ocean Engineering 34 (2007) 1650-1667 1653

this rotates. Specifically, looking at Eq. (2b) and consider-
ing that the CM of the vehicle tracks the path, we see that
because of surge and yaw motions, the coupling term
—(my1 /ma)urrr gives rise to a sway motion vg. A direct
result is the appearance of an angle y which is expressed as

) = tan-! (”R) (10)
UR

Having the description of the path and the states of the AUV
as it tracks the path, we conclude that the following geometric
conditions must hold: firstly, the magnitude of the tangent
vector to the reference path vp must equal the magnitude of the
vehicle’s velocity vector vayy r. From Egs. (3) and (9) it is

VP = VAUVR = \/XR + IR = \/u%{ + vk (11)

Secondly, observing Fig. 2 and considering Eqgs. (4) and
(10), the relation between the various angles is

Yr=B-7
= g = tan™! Gc—z) — tan™! (:—i) (12)

Without loss of generality we can assume that the vehicle
moves forward, i.e., ug >0. Then, the sign of y in Eq. (12)
depends on the sign of vg, which in turn depends on the
curvature of the trajectory, i.e., a negative value corre-
sponds to a counterclockwise (CCW) rotation and a
positive value to a clockwise (CW) one. From Eq. (11),
the reference sway velocity is

UR=:i:\/)'c§—|—j/§—u%{=:i: v —uk, (13)

where ““+“indicates that vg may be positive or negative
depending on path curvature. For example, if ugr >0 and,
rr >0 then vg <0. Differentiating Eq. (13) yields

) VpUp — URUR

bg = & JPUP T URUR (14)
2 _ 2
Up — U

Also, from Eq. (13) it must be
—Up SUR < Up, (15)

where the equality holds in the case of straight line tracking
or when a change in the sign of the curvature occurs (then
vr = rr = 0). The reference angular velocity and accelera-
tion that correspond to the path are obtained by
differentiating twice i in Eq. (12) and taking into account
Egs. (5), (7) and (13), to yield,

2 2

. d ; vh — ux
"R =g =~ |tan”! (J}R) —tan~ ' [ Y——
dr XR UR
URDp — URD
_ . URDP — iiRUp (16)
vpy/ V3 — Uk
= ir = f (0, ®, uR, itr, iy, vp, Op, Up). (17

What remains now is the computation of the surge ugr—
assumed positive—velocity. For a CW rotation (CW-type

path), using the fact that vg >0, and substituting the
appropriate expressions in Eqgs. (14), (13), and (16) that give
Ur,VR, and rg in (2b), the following differential equation
results whose solution yields the reference surge velocity:

iR = [(m1) — mo)urvp] ™ {—vp(maovpip + Y, (05 — ug))
+ m“uR[uRl’)pvf, + vp U% — u%{(nyR — XRyR)]
- Yulnl(v}% - u%{)v}1| U% — u%{” (18)

For a CCW rotation (CCW-type path), it is vg <0 and
rr >0, yielding,

iR = [(m11 — mo)urvp]” {=vp(manvpip + Y, (05 — ug))

+ myur[urpvp + vp\/vh — uf (XRr — ¥rIR)]
— Yo (vp — ug)vply /v — u ). (19)

For a general motion in which the curvature of the path
changes with time, we switch between the above differential
equations. The initial condition ugr, = ur (¢t = 0) is used
with the appropriate differential equation. As the integra-
tion progresses and switches between the two equations,
the initial condition for the current equation is the last
value obtained from the integration of the previous
equation. Numerical integration of the appropriate equa-
tion between Eqs. (18) and (19) yields ur(z). Using the
computed ur along with vg, Xr, yg, and Eq. (12), we
compute the AUV reference orientation, yg(?).

Thus far, the feasible trajectory including the feasible
orientation is completely known. Also, all the feasible
body-fixed velocities and accelerations, required for track-
ing, have been computed. Using the AUV dynamic model,
it is straightforward now to compute the corresponding
open-loop control efforts. Indeed, from Egs. (2a) and (2¢),
these controls are given by

F.r = myiig — mapvrrr + X g 4+ Xy itk (20)

F,r = mysigr + (may — myJurvr + Nyr — Ny (21)

The presented trajectory planning algorithm and the
open-loop control efforts given by Egs. (20) and (21) can be
incorporated in a two-step closed-loop trajectory-tracking
controller design. Forward feeding the actuators of an
AUV with the above open-loop controls, consistent with
the vehicle dynamics, allows one to design a feedback
controller for taking care of the small tracking errors due
to model parameter uncertainty, external disturbances, etc.
It is expected that such a controller will not require large
gains and, hence, will exhibit an improved performance. In
Section 4, we exploit the benefits mentioned above by
designing such a closed-loop controller.

In the next two subsections, we give examples of planar
paths, each of which presents special characteristics. The
first is a circular path in which, although the reference
body-fixed velocities are constant, the body-x;, axis of the
AUV must rotate sufficiently towards the inside of the
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Table 1
Rigid body and hydrodynamic parameters of the AUV studied by
Pettersen and Egeland (1999)

Parameter Symbol Value Unit
Mass m 185 kg
Rotational inertia 1. 50 kgm?
Added mass Xu -30 kg
Added mass Y; —80 kg
Added mass N; -30 kgm?
Surge linear drag Xu 70 kg/s
Surge quadratic drag X 100 kg/m
Sway linear drag Y, 100 kg/s
Sway quadratic drag Yo 200 kg/m
Yaw linear drag N, 50 kgm?/s
Quadratic yaw drag Ny 100 kgm?

circle—Dby an angle y—in order to counteract the constant
centrifugal force. The second is a sinusoidal path in which
all of the body-fixed velocities are time-varying. In this
case, the relative orientation of the body-x;, axis with
respect to the tangent vector to the curve—vp—also
changes with time. The various system parameters for a
typical AUV, used for simulation purposes, are given in
Table 1.

Also,

mi :m—X,-, :215kg,
My = m — Y,') = 265 kg,
my3; = 1. — N; = 80 kg m?, (22)

where the constants m; (i = 1,...,3) are constants repre-
senting the combined inertia and added mass terms.

3.3. Reference paths

3.3.1. Circular path
We consider a reference circular inertial planar trajec-
tory, described as follows:

xr(#) = 10sin(0.017) m, (23a)

yr(0) = 10c0s(0.017) m. (23b)

Here, the derivatives up to the second order are needed,
since tracking the above circle is obtained by the vehicle
with constant linear velocities ug and vg and angular
velocity rg. Using Egs. (3) and (7), we find that vp =
0.1 m/s and op = 0. Also from Eq. (5), ® = —0.01 rad/s,
meaning a constant CW-type path. Forward tracking of
this circle requires the reference body-fixed velocities of the
AUV signed as ug >0, vg >0, and rg <0. Their values are
computed as follows: in Eq. (18), we substitute vp, and
Xr(8), yr(?), Xr(?), yr(?), for their previously computed
values. We also substitute the constant terms for their
numerical values from Table 1. Solving numerically the
differential equation that corresponds to the CW sense of
the circle with ug (0) = 1073, we obtain ug = 0.099 m/s and

iig = 0. Using Eqgs. (13), (14), and (16) with the appropriate
substitutions it is easy now to obtain vg = 0.0021 m/s,
or = 0, rg = —0.01 rad/s, and ir = 0. Additionally, from
Eq. (10) it is found that y = 1.23°, which means that during
tracking the body-xp axis must point towards the inside of
the circle. From Egs. (20) and (21), the constant open-loop
control force and torque are computed as F,g = 8.003 N
and F,g = —0.5 Nm.

3.3.2. Sinusoidal path

The required velocities for the tracking of the previous
circular trajectory were constant. Here, we show that
the methodology developed in this section is applicable in
the case where the velocities vary with time, i.e.,
the accelerations must be taken into account. This
methodology, combined with the closed-loop controller
that will be designed later, offers to the guidance
and control design task greater flexibility since it provides
the capability of tracking any smooth path with time-
varying velocities, as opposed to the usual “trimming”
trajectories, i.e., trajectories with constant velocities. Note
that the derivatives of the inertial position variables up to
the third order are needed. As an illustration, we selected a
planar path which itself is of practical interest for the
operation of an AUV: the sinusoidal curve. For example,
such a path may allow an AUV to sweep an orthogonal
area of the sea bottom. The equations that describe the
curve are

xr(f) = 0.03¢ m, (24a)

yr(?) = 105in(0.037) m. (24b)

The presentation of the methodology in the case of the
sinusoidal path is best assisted using Fig. 3.

In Fig. 3(a), we observe the following: the vector vp is
always tangent to the curve. The velocity ug always points
inside the curve and, in this example, it is always positive
meaning forward motion; its magnitude changes from a
maximum value ugmax = 0.3 m/s—equal to vp—at zero
curvature point B, to a minimum value ug min = 0.02 m/s
at maximum curvature points, i.e., at curve peaks (b) and
(e). In order to describe the behavior of the reference sway
velocity vr and the reference yaw velocity rr (not sketched
in the figure for clarity), we distinguish two sections in the
above curve: section AB in which the required rotation is
CCW and, hence, according to what we have considered so
far, it is v <0 and rgr >0, and section BC where the
required rotation is CW with vg >0 and rg <0. They both
take their absolute maximum values at the points with the
maximum curvature, i.e., at the curve peaks, where
[VR max| = |VR min| = 0.018 m/s and |"R,max| = ['R,min| =
0.326 rad/s. At the point where these two sections meet,
i.e., the zero curvature point B, vg = rg = 0. Considering
now the time-evolution of the various angles we have the
following: the values of the angles Y and f are measured
with respect to the inertial-X axis; they are positive in the
CCW sense. Tracking the sinusoidal path results in altering
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Fig. 3. (a) The sinusoidal path with the reference velocities, orientation and the angles f# and y. (b) Time evolution of the angles f and y for one period of

the sinusoidal function.

their sign and their relative position as one can see in Fig. 3.
As far as the angle y concerns, taking into consideration
its definition from Eq. (10), we see that its sign follows
that of wvr—since wur>0—and its magnitude varies
analogously, see Fig. 3(b). The calculation of the body-
fixed velocities, accelerations, and orientation and, finally,
the required open-loop controls results from the utilization
of Egs. (3)-(21).

From the preceding trajectory planning methodology we
conclude the following: the reference orientation i of the
vehicle does not coincide with the angle between the
velocity vector vp and the inertial-X axis but it depends on
trajectory characteristics such as time-parameterization,
differentiability, etc., and, of course, on vehicle dynamics.
Actuator saturation limits also play a crucial role in the
kind of trajectories that can be tracked.

The above analysis holds when the AUV is “on the
path” i.e., position, orientation, and velocity errors
are zero for time #>0. In cases such as when the vehicle
deviates from the trajectory, or when there are modeling
errors or external disturbances, the open-loop control
does not suffice; a closed-loop trajectory-tracking con-
troller is needed to guide the vehicle to the reference
trajectory, drive the corresponding errors as close as
possible to zero and keep the vehicle on the path even in
the case of external disturbances, e.g., sea currents. This is
discussed next.

4. Closed-loop tracking control
4.1. Error dynamics formulation
Using the states of the AUV—inertial position and

orientation, and body-fixed velocities—and the corre-
sponding reference variables previously computed, the

tracking errors are defined as
Ue = U — UR,

Ve = U — R,

Fe =71 —TR,

Xe = X — Xg,

Je =YV~ JVr»

Ve =Y —Yr.

Substituting for u,v,r, x, y,¥, in Egs. (1) and (2) we obtain

the error dynamics as follows. Firstly, using Egs. (1) and
(25) the error kinematics can be written as

Xe cosyy —siny [ ue
[yJ - [simﬁ cos Y } [UJ

cosy — cosyg —sinzp—i—sim//R} {uR}

(25

siny —sinyrg  cosy — cos g UR
= X. = Ru, + Rl//»‘//RuR (26a)
= X, = Ru + 9, (26b)
Ve = re. (26¢)
where
Xe 2 [%e, el

T
Ue = [tte, Ve]

RER() = {cosn// —sint//} ’

sinyy  cosy

Ry 2RW) — R(Wy),

ug £ [ug,vr]",
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SéRW/,RllR.
Using Egs. (2) and (25) the error dynamics is derived as,

. my Xy .
Ue = (VeFe + VeFR + URTe) — Ue — UR
mii m

11

ma u Xuju)
+——URIR — ——UR ———
myy my myy

F,
(27a)
miy

X (Ue + Ur)|tte + ur| +

. mij Y, .
Ve = — ——(Uele + UeFR + URTe) — —— Ve — DR
mmy myp

mi Y, Yo
— —URIR — VR ———
my; mys myp

(Ve + VR)Ive + VR,

(27b)

. myp — my
e = (theVe + UDR + URD,) —
ms3

np — nmy
—u

N, .
—Fe — IR
ms3
N,
+ RUR — — IR
ms3 m33

F,
27c)
ms3

N
— 2 (k4 rR)lre 4 rR| +
ms3

In the above equations, when the error variables are zero,
we observe that the remaining dynamical system reduces to
the reference one with F,=F,g and F,=F,gx, as
computed in Section 3.

4.2. Error dynamics stabilization

Having completed the derivation of the error dynamics,
the control objective is to stabilize them. In this way, the
tracking control problem is transformed to an easier to
handle stabilization one. The nonerror variables, i.e., the
reference ones, are treated as time varying parameters
making the system a time-varying (non-autonomous)
system. Setting,

Fu = - m22(Uere + Verr + URre) + que + mlluR
— MpURIR + X, ur + Xy

X (Ue + ur)|te + ur| + mi 7, (28a)
F, = (my — my1)(uee + UeVR + Ure) + Nore + ms3ig
— (m1; — mp)urvr + Nyir + Ny
X (re + rp)lre + rr| +ms337, (28b)
yields a partial linearized system, described by
Ue = Ty (29a)
Y
Ve = — @(uere + UeR + uRre) _7”06 —Ur
myy my
Y Y
- @uR”R — Y og — 2 (0, 4 vr)lve + vrI, (29b)
my; myy myp
i'e =T, (290)

Xe cosyy —siny] [ue
L’)J - [sim// cosy } |:Ue:|
[cosn//—cosd/R —sinlp—l—sinz//R}

sinyy —sinyyg  cosy — cosyg

(294, ¢)

(2910)
Here, 7, and 7, are auxiliary control design variables.

Examination of Eqgs. (29) shows that there is direct
control capability on the forward (surge) and on the
rotational motion of the vehicle but not on the side (sway)
motion, i.e., we can control the linear velocity u and the
corresponding error u, as well as the angular velocity r and
the corresponding error r.. We also observe that we have
indirect control of the side velocity error v, through the
coupling of the controlled variables in the term
—myy/my (Uere + Uerr + urre). Consistent with backstep-
ping design techniques, for the side velocity error v, we can
choose as an auxiliary control variable one of the
controlled velocities and, then, stabilize the latter using
the corresponding actual control variable. The same
observations hold for the linear and angular position
errors: we first use the velocities as control variables for the
position and, in a following step, we stabilize the velocities
ue and r, with 7, and 7, and v, using the aforementioned
coupling term. Next, backstepping and nonlinear damping
are employed as our design tools (Krstic et al., 1995).

Step 1: Considering the subsystem of Eqs. (29d)—(29f),
we take as auxiliary control the vector ue = [ue, ve]T and as
a bounded disturbance (for bounded ugr and vr) the vector
8 =[01,0,]". Choosing

V= %xeTxe. (30)

The desired expressions for the virtual controls are

Uedes = —RT[K + KiIxe 2 a(xe) = [ot, 0], 31)

where

oy —(k + k1)xecosyy — (k + ki1)y. siny

axe) = L} = | ket knxesing — (k + kny.cosy |
(32)

K = diag(k, k), K; = diag(k;,k). (33)

with K and K, are positive definite matrices. Then, the time
derivative of V; in Eq. (30) becomes

V= —xeT(K + K)xe + XCTS. (34)

The quantity & is a bounded function of the desired linear
velocities; considering the worst case for the sign of the
quantity x.& , i.e., positive, we conclude that when
the vehicle moves fast, there may be paths that the vehicle
cannot track accurately. In order to further reduce the
effects of this quantity on the negativity of the derivative of
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V1, we use the gain matrix K; as follows:

vV, = —xCTKxC—XCTlec—l—chS
o\’
= —X;FKXe—k] <x6_2k1>
5\ 118
_kl<ye_27k1> +m‘ (35)

Increasing the gain k, diminishes the quantity ||8]|?/4k;.

Step 2: The components of the vector [ue,v.]" are not
true controls, thus we have to introduce appropriate error
variables z, and z, defined as

7, = [Zm ZU]T = [ue — Oy, Ve — OCU]T~ (36)
Then, the controlled position equations are rewritten as
X = —Kx. — K;x. + Rz, + 6. (37)

We compute now the following derivatives:

by = —(k + ki)te — (k + k1)(31 cosy + 85 sin ), (38a)

by = —(k + k1)ve + (k + k1)(01 siny + 62 cos ). (38b)

Then, the linear velocities equations, using the new
variables, are rewritten as

Zy =ty + (k + k))ue + (k + k1)(01 cosyy + 02 sinyy),  (39a)
Zy = _@(uere + Uerr +uRre) _ﬁve - i)R _@uRVR
my; myj my;
YU leu\
— VR — (Ve + VR)|ve + UR]
my; myp
+ [(k + ki)ve — (k + k1)(0) sinyy — dpcosp)].  (39b)

The task now is to stabilize the error vector z,. In this
step, we design control to stabilize the component z,.
Choosing

Vo=V +1 (40)
its time derivative becomes
Va=Vi+z,

= V) = x![-(K + K))x. + Rz, + §]

+ zultu + (k + k)ue

+ (k + k1)(1 cosyr + 07 sin ). (41)

Taking into account Eq. (35) and after straightforward
algebraic manipulations, Eq. (41) yields

. o \? 5\ 18]
TR _ oy _ 02\ lI8l”
o= ol kl(xe 2k1) kl (ye 2k1> Tk,

+ zy[ty + xecos Y + y. sinyy + (k + ki)ue
+ (k + k1)(d1 cos Y + o> siny)]
+ z,(ye cOS Y — Xe Sin ).
Setting
Ty = — CyZy — 03,,22 — (xecosyy + y.sinyy) — (k + ki)ue
—(k+ k)01 cosy + drsiny) + 1, (42)

where f, is a design variable for subsequent use, the
previous derivative becomes

. T 0 2 0 2 ||(<5||2
? ¢ ¢ ! (xe 2kl) ! (ye 2k1> 4k1

— c,,zi - C3u23 + zuf y + zo(Ve cOSY — Xesiny).  (43)

So far, the controlled subsystem of error dynamics
equations has been transformed to

X = — Kx. — K;x. + Rz, + o
2u = — CuZy — C3uzz - (xc cos l// +ye Sil’l l//) +fu (44)

Before proceeding to the next step of the design, we
perform some manipulations on the sway error dynamics
equation yielding

mip mii

. mi
Zy = ——ure — —rrZy + —rr(k + k1)
mp my mp

YU
X (xe COSY + y, sinyy) + [(k + ki) — P }Ue
2

. mi Y, Yo
— DR ———URIR — —— VR — ——V|v]
my; my; myj
— (k+ k1)(vr cos Y, — ug sinyy, — oRr). (45)

In the above equation we set

Sy = Ly (k + ky)(xe cOSY + v, sin )
mypy

Y, m Y
+ [(k—l— ki) — U} Ve — DR — JuR;’R — YR
mm mo my;

Yl) v .
- m—”v|v| — (k + k1)(vr cos Y, — ug siny, — vg). (46)
22

Temporarily, we will treat this as a time-varying variable
and deal with it later, at the final step. We rewrite Eq. (45)

as
mi

Zy = ———

mi
Ure — ——1rRrzy + Oy. 47)
ma) ma)

Step 3: The next subsystem to stabilize consists of Egs.
(29f) and (47). Considering the error r. = «, as an auxiliary
control, assuming u#0 a natural requirement for tracking,
choosing

Vi=Vao+ (2 +92)/2 (48)
and taking into account Eq. (43), it is

. 51\ ? 5 \? ||8||2
Va= —x'Kx. — k vty k _ % i LN
’ e e ! (xe 2k1) ! (yc 2k1> 4k,

mi )
—I'RZy
ma)

+ z,(y, cos Y — x. sin )

m
+ <_ JUZU + l//e) o + 21)51)~ (49)
my;

2 4
—CyZ, — 3z, + zy <fu -

Setting

M (— M 4 l//e> (50)
myp
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for some ¢, positive we obtain
51 \?
2k
5\ I8
—k _22 o
! (ye 2k1) 4,
m
- CuZi - c3u23 + zu (fu - J}’RZU)
ma)
+ z,(y. cos Y — X sin )

2
m
— Cr <_Juzu + lﬁe) + 21751)~
mya

Vy= — x;ere — k (xe

(51

Step 4: The variable r, = o, is not a true control. Thus,
we have to introduce an error z, = r. — o, in place of &, and
we use 7, to stabilize the subsystem:

mi mij

Z.u = ——Ule ———FRZy +5v7 (528.)
ny; mas

Ve =0 + 2z, (52b)
Zy = Tp — Oy, (520)
where

m 2 m mi\
&, = —c, [(“u) + 1|re + c,iuéU — ¢ (“) UFRZy.

myy my; Urw]

(53)
So far, the dynamic equations are
xe = — Kx. — K;x. + Rz, + 9,
Zy= — CuZy — C3qu3l — (xecosyY + y.siny) + £,
2

m m
Z, = — cr<iu) Zy + cr<iu)lﬂe

ma3 Uy)

- <@u> Zr — erzu + 50’
ULr¥) U]
; m
l»[/e = Criuzu - Crl//e +z,
nya

Zpy =T, — Q. (54)
Finally, for the complete system, we choose
Vi=Vi+z2)2 (55)

and taking the derivative we obtain

. 51 \?
V4 = — X;ere — kl (xe — 1>
1

2k
P G- S L S
\Ye 72k, 4k, T CGuu

. mi .
+ Zy (fu - ngrRZ”> ~+ zy(y. cOsS Y — Xe siny)

2
mi > miy
— ¢ (—u) zy+2¢( —u Y.z,
myp my

2
+ Zu(su - Crlpe — ZyZy

+ z; e

" 2
<J u> +1
ma

2
e, s+ 6, <’”“) urR} . (56)
mys my

m
T+ Y+ 2, — (—” u>z,,+c,
m

22

nmiy
3
T, = —Y—z,— ¢z — 3z, + (m u) Zy
miy :
— ¢ (u) +1
my)

2
— ¢ (m11> UFRZy. (57)

man

mi
Fe + ¢, ——ud,
my;

Then, derivative becomes

oy’
2k,
5\ | I8l
“k _ 2 Ll
1 <ye 2k1> ek,
m
- Cuzi - c3u23 + zZu (fu - JVRZU)
myp
+ z,(y, cos Y — x, sin )
2
— ¢ (ﬁ u) zi + 2¢, (ﬂ u> VeZy
my; my;

+ 2,0, — c,‘lpg — ZyZy — cz,z, — 3zt (58)

re

V= — XCTKxe — ky (xc

In order to deal with the quantities with uncertain sign we
conduct some algebraic manipulations. Firstly, we set
n

. 1 2 4
Ju=——FRZy — C4ZyZ;, — C5ZyZ,. (59)
myp

Then, Eq. (58) becomes

, 1\’ 5\, I8l
Vi= —x'Kx. — k —— | —k . — —_—
PT TR 1(xe 2k1) l(ye %) T ak,

— cuzi — C3uzf, - c;;zizlz) - cgﬁzﬁ
2

mi 2 2 2 4

—c (mzz u) o — ¢y — cz, — a3z,
. mi
+ zy(ye cosy — xe siny) + 2¢, (— u) VeZy
Uor)

— ZpZr + Zuéu- (60)

Now, the last four terms with uncertain sign are examined
using a worst case analysis, i.e., considering that all of them
are positive. In the following analysis we use Young’s
inequality; the quantities ¢, i=1,...,8, are positive
constants. For the first three of the uncertain terms we have

Zy(Ye COSY — Xe SIN YY)

1 1
< — el +elzl + —Ixe? + 11z, (61)
481 481
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U] Uo¥)

m 1 /m
2cl’(iu)lpezl)\g< ”) | | |lpe| +’SZC |ZU| b (62)

1
|Z|)| +83|Zr| . (63)

Zl)ZI ~

4y

Next, we expand and manipulate the fourth term z,0, in a
similar way:

m .
2,0y = m—”rR(k + k) (xe cos Y + v, sin )z,
2
Y,
+ |:(k + kl) - I:| VeZy
mys
. miy Y,
— | UR +——UR'rR + —UR |2y
my; myp
Y,
——plolz, — (k + k1)
mys

- (bR cOS Y, — uR SinY, — VR)Zy. (64)

Then, we bound the first three terms of Eq. (64) as
follows:

@rR(k + ki)(xecosyy + y. siny)z,
< g (e PP 4o (21 )|J
+*(k+k1) IR Pyl + & ( ) ENER (65)
Y, v, 11
{(k+k1 }uer\H(H 1 }
My my)
x|vel* + &5l [, (66)
m Y,
(R+“uRrR+uR)zU\ 5P FalEl? (67)
myy myj
where we have set & = —or — (my)/mxn)urrr—

(Y,/my)or. This is a very small quantity since when 0r
increases —(my;/ma)urrr — (Y, /myp)vr decreases, and
they almost cancel each other, see Eq. (2b). For the
last two terms in Eq. (64), the following two inequalities
hold:

Y Y You'\
=z T2 < B g < MM) o', (68)
myy myo 4e7 nap

— (k + k1)(vr cOS Y, — ur sinyy, — vr)z,
1
< o lal e+ k)'E, (69)
€8
where we have set the constant ¢&;>|vgcosiy,—

ugsiny, —orl|; & is very small since . is close
to zero during the controlled motion. Also, the quantities

ry and v* are very small for the usual operating
conditions of an AUV. To proceed further, we

consider maximum values for the time-varying quantities

that enter the derivative V4. Hence, considering the
positive constant quantities dmax, Umax> 'Romax> Vemax> and
Umax, 1t 18

O+ 03 = 181° <2, (70)
|l Sty (71)
rR > < PR s (72)
Vel <02 s (73)
ol*<vt . (74)

Then, taking into account the results from Egs. (61) to (74),
Eq. (58) becomes

. 1
V4= |:k—4g—(k+k1) rlex:|X§
1
_E_i(k_*'kl) rlex

y
51\’

—k _ g

: (Xe 2k1) <ye 2k1>

2 4 1 2
— CuZu — C3”Zu — C (mumax> Zu
2
- &= l (Wlll> u12nax l//ez - [C - 83123 - C3Z;‘
& \Imy

2
1 mi
— C4Zi —2& — 826,2, ——— — 2| —
483 moo

1 1],
o _486_487_4&}2”
2
s {(k+k1)— U} V2 max + €61E117
2 2
+e (Y> vt ek + k)P e+ Oy (75)
my» 4'kl

In Eq (75), the term [c4z2 — 2e) — e2c? — (363) — 2e4(myy/
my)’ — s — (486) — (4.97) — (483)] must be positive. Setting

1 2
e=2¢ +€zc +— +2€4<m11>
4e3 My

1 1

1
— 4 — 76
+E‘5+4 +4€7+4(08>0 (76)

it must be

Gzt >e = |z, > \/? (77)
C4

which holds for large and positive ¢4 and small ¢&. When |z,
reaches some small value below y/¢/cs, the terms in the
final 7, become more negative forcing |z,| above +/¢/cq4
again. Choosing the various gains in order for the
coefficients of the states of the error dynamics to be
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negative we rewrite Eq. (75) as follows: 1 (m)?
5= [er -+ (m ) 2 . (79)
V4< —leg—xlyg : 2
o1\’ 5\’ Ky = [c— &3] (79d)
—ki{xe—=—) —k - ’
1 (x 2k1) 1 (J’e 2k, X
1 Yl)
— 2t =zt —xaz = 48‘ [(k +ky) — - } 02  E61E1 12
— ;@//5 — K4z2 — 37t — [c;;zi — 8]25 + u, (78) ’ Yo\ 2 52
b () kG (099
where My 4k
| | which are all positive. From Eq. (78) it is:
2 .
Ky = [k T4 4784(]C + k1) rf{,max:| , (792) Vi< —11X2 — K1y — euz2
— ngi — K3lﬁ§ — K4Zf + u. (80)

Also, the final controlled system is represented by the
(79b) following differential equations:

x. = — Kx. — K;x. + Rz, + §,

0 T N D S = = Gz — (e cos Y+ ysin )
I ‘ o 1 myy
. . +—1rRrZy — C4Zu23,
8 I s : ] ma
e ‘ 2
3 -Reference - 4 . miy mi
6 . . : Zy = — cr( Ll) Zy + cr( u) lpe
4t . M m
miy mi
2 r 1 B (U>Zr_rRZu+5m
T my mp)
= ot . ; myy
= We =Cr——Uzy — Crwe + zy,
2| 1 myp
. nmiy
4| § Z, = —cz,—03z,3.—tpe+ <u—1>z,). 81)
my)
6 ] T Cy.
If we define z=[x¢, Ve, Ve, Zu, 20, 2r] , then, considering
8 T Eq. (55)itis 2V4 = ||z||*. Taking y = min{i1, K2, K3, K4, Cu},
10 F : —_— it is V4< —2yV4+ p which, employing the Compa-
S S SO S S R O rison Lemma (Khalil, 1996), yields V()< V4(0)e 2" +
10 8 6 4 -2 0 2 4 6 8 10 (u/2y) for t € [0, tfna1).- Doing the algebra, we conclude that
X, [m]
_, T
Fig. 4. Circular trajectory tracking. AUV reference and actual path. lz(t)| < l|z(0)][e™"" + \/;, t € [0, tfinar). (82)
a b
Z 500 Z 500 :
g 0 g of—
_500 i i i i i i _500
100 200 300 400 500 600 0 5 10 15 20 25 30
t, [s
c t, [s] d [s]
0 0
S £
£ 50 15 =50
i) i
100 ; ; ; ; ; ; -100 ; ; ; ; ;
100 200 300 400 500 600 0 5 10 15 20 25 30
6 [s] t, [s]

Fig. 5. (a), (c) Control surge force and yaw torque. (b), (d) First 30s.
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Eq. (82) means that the states of the error dynamics remain in
a bounded set around zero, which can be reduced by increasing
the gains in Eq. (80). At this result we arrived using the
controls in Eq. (28) along with Egs. (59) and (42) and (57).

5. Simulations

A number of simulation results showed that the above
designed controller performs very well in terms of quick

1661

convergence of the tracking errors to a small neighborhood
of zero, smooth transient responses, low control effort, and
robustness in the case of large initial errors or when the
designer has no accurate knowledge of the model
parameters. To illustrate the performance of the proposed
trajectory planning and tracking control methods, typical
simulation results are presented. In all of the following
simulations we applied the same controller structure for the
force F, and the torque F, using the same values for the

b
1 r r r r r
g : :
1 i i i i i
0 5 10 15 20 25 30
t, [s]
d
0.2 T T T T T
E ooV T
o
-
02 i i i i i
0 5 10 15 20 25 30
t, [s]
f
0.5 T T T T T
o
— _0.5 1 1 1 i i
0 5 10 15 20 25 30

t, [s]

Fig. 6. (a), (c) Linear velocity tracking errors. (b), (d) First 30s. (e) Angular velocity tracking error. (f) First 30s.
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e
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z
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S s . . . . . .
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1 T T T T T T
E {\\_7
2
¥ . . . . . .
0 100 200 300 400 500 600
t, [s]
C
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Tl R R .
s 0 F\‘~
-
y . . . . . .
0 100 200 300 400 500 600
t, [s]
e
50 - . : : : ,
’g‘b .
=0 V
9 :
R . . . ; ;
0 100 200 300 400 500 600
t, [s]

ye, [m]

—h

psie, [deg]

5 : : ; ; ;
15
t [s]

30

Fig. 7. (a), (c) Position tracking errors. (b), (d) First 30s. (¢) Orientation tracking error. (f) First 30s.
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various gains that enter into the controller equations; that
is, the closed-loop control design is independent of the
trajectory to be tracked. Specifically, we used the gains
k=05 k =04, ¢c,=2,¢c3,=3,c4=3,¢5=3,¢=0.1,
¢=2, and ¢3 = 1. They are the result of a compromise
between the need of negative coefficients of the states in the
derivative of V4, the need of small magnitude for the
nonnegative terms in V4, and the need for smooth control
efforts, so that they can be produced by real vehicle
actuators.

The desired trajectories, for which closed-loop tracking
control simulations are presented, are the circular and the
sinusoidal path used for trajectory planning and open-loop
control design in Section 3. Responses were obtained for
two cases: (a) when the model parameters are known and
(b) when there are inaccuracies of the order of 5% in all
vehicle parameters.

y, [m]

Fig. 8. Sinus trajectory tracking. AUV reference and actual path.
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5.1. Circle tracking with accurate model

The following simulations concern the trajectory plan-
ning and tracking control design for a circular path in
Section 3.3, based on the accurate knowledge of the model
parameters. Here, the AUV starts from rest, resulting in
initial velocity errors of |ue| = 0.1 m/s, |ve| = 0.0021 m/s,
and |re| = 0.01 rad/s, and initial position and orientation
errors of |xe| = 0.5m, |y.| = 1 m, and || = 30°. In Fig. 4,
the reference and the resulting trajectory, under the action
of the controller, of the CM of the vehicle in the inertial
X-Y plane are displayed. Fig. 5 shows the control force F,
and the control torque F, needed for tracking. After a short
period of time—needed for the errors to converge to a
small neighborhood of zero—they converge smoothly, see
on the right of Fig. 5 where the first 30s are displayed, to
their open-loop values given by Egs. (20) and (21). The
errors in velocities are depicted in Fig. 6. The figures on the
left regard a simulation time of 650 s—needed for one full
circle—while the figures on the right the first 30s, in order
to observe the transient response. We see that after a short
time period, they converge to a very small neighborhood of
zero, of the order of 107> m/s or rad/s, and slowly oscillate
within. The errors in position and orientation are shown in
Fig. 7. The figures on the left regard a simulation time of
650s while the figures on the right the first 30s. Again,
after a smooth transition period the errors converge and
remain to a small neighborhood of zero of the order of
107> m or deg.

5.2. Sinus tracking with accurate model

Here, the controller has to deal with time-varying
velocities with relatively large magnitudes. This leads to
time-varying nonlinear dynamical couplings, see Egs. (1)
and (2) as well as Egs. (26) and (27). Consider also Fig. 3,

b
600
Z 40
£ 200
0 ‘
0 5 0 15 20 25 30
t, [s]
d
50
E 0
Z
£ 50
4100 ' ' ' '
0 5 0 15 20 25 30

Fig. 9. (a), (c) Control surge force and yaw torque. (b), (d) First 30s.
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where one can also observe the change of the orientation of
the AUV relative to the path. The vehicle starts from rest,
resulting in initial wvelocity errors of |uc| =0.03 m/s,
[ve] =0.017 m/s, and |re| = 0.32 rad/s, and initial position
and orientation errors of |x.| =0.5m, |y, =0.5m, and
Y] =0.2°. In Fig. 8, the reference and the resulting
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trajectory of the CM of the vehicle in the inertial X—Y plane
are displayed. Fig. 9 shows the control force F, and the
control torque F, needed for tracking. After a relatively
small time interval-—needed for the errors to converge
to a small neighborhood of zero—they converge smoothly
to their open-loop time-varying values, see on the right of
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Fig. 10. (a), (c) Linear velocity tracking errors. (b), (d) First 30s. (e) Angular velocity tracking error. (f) First 30s.
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Fig. 11. (a), (c) Position tracking errors. (b), (d) First 30s. (e) Orientation tracking error. (f) First 30s.
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Fig. 9 where the first 30 s are depicted. These control efforts
are larger with respect to the previous circular tracking—
given by Eqgs. (20) and (21). The errors in velocities are
depicted in Fig. 10. The figures on the left regard a
simulation time of 250 s—needed for one full period for the
sinus function—while the figures on the right the first 30s.
Hence, we see that after a relatively small time period, they
converge to a very small neighborhood of zero, of the order
of 107 m/s or rad/s, and slowly oscillate within. The
tracking errors in position and orientation are shown in
Fig. 11. We observe that after a smooth transition period
the errors converge and remain to a small neighborhood of
zero of the order of 107> m or deg.
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Fig. 12. Circular trajectory tracking. AUV reference and actual path.
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5.3. Circle tracking with 5% error in system parameters

In this, and in the subsequent section, we present some
results concerning the robustness properties of the designed
trajectory-tracking scheme to model parametric uncer-
tainty. Specifically, we conducted simulations in which
errors of the order of 5% on all parameters in Table 1 were
assumed. The initial conditions are the same as in Section
5.1. In Fig. 12, the reference and the resulting trajectory,
under the action of the controller, of the CM of the vehicle
in the inertial X—Y plane are displayed. Fig. 13 shows the
control force F, and the control torque F, needed for
tracking. Contrary to the fact that there are errors mainly
in the feedforward part of the controller, the feedback
part—although there are also modeling errors here—
corrects the motion of the vehicle, guides the errors of
the states to a small neighborhood of zero and compensates
for the errors in the model parameters as well. The errors in
velocities are depicted in Fig. 14. The figures on the left
regard a simulation time of 650s while the figures on the
right the first 30s. They converge to a very small
neighborhood of zero, of the order of 10~* m/s or rad/s,
and slowly oscillate within. The tracking errors in position
and orientation are shown in Fig. 15. They also converge
and remain to small neighborhood of zero of the order of
10~*m or deg.

5.4. Sinus tracking with 5% error in system parameters

Finally, simulations regarding trajectory tracking of the
fast—regarding the magnitudes of the reference veloci-
ties—sinusoidal path are presented considering errors of
the order of 5% on all system parameters. The initial
conditions are the same as in Section 5.2. In Fig. 16, the
reference and the resulting trajectory are displayed. Fig. 17
shows the control force F, and the control torque F, needed
for tracking; again the feedback part of the controller

b
600
Z. 400
&
2 200
O " i " "
0 5 10 15 20 25 30
t. [s]
d
50 : , : : ,
E 07
£ 50 r-
~
& -100 | :
-150 :
0 5 10 15 20 25 30
t. [s]

Fig. 13. (a), (c) Control surge force and yaw torque. (b), (d) First 30s.
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Fig. 14. (a), (c) Linear velocity tracking errors. (b), (d) First 30s. (e) Angular velocity tracking error. (f) First 30s.
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Fig. 15. (a), (c) Position tracking errors. (b), (d) First 30s. (e) Orientation tracking error. (f) First 30s.

undertakes the effort to compensate for the errors in the
states and in model parameters. The errors in velocities, in
positions, and orientation, are depicted in Figs. 18 and 19,
respectively. In this case, the effects of underactuation—see
for example v, response—, and of large nonlinear
dynamical couplings and parameter errors that affecting
the sign of V4 are evident. The structure of the closed-loop

controller, however, keeps the errors in a fairly small
neighborhood close to zero.

6. Conclusions

In this paper, the combined problem of trajectory
planning and tracking control for underactuated AUVs
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Fig. 16. (a) Sinus trajectory tracking. AUV reference and actual path. (b) First 30s.
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Fig. 18. (a), (c) Linear velocity tracking errors. (b), (d) First 30s. (e) Angular velocity tracking error. (f) First 30s.
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Fig. 19. (a), (c) Position tracking errors. (b), (d) First 30s. (e) Orientation tracking error. (f) First 30s.

moving on the horizontal plane was addressed. Given a
reference, smooth, inertial 2D trajectory to be followed by
the vehicle CM, the planning algorithm uses the vehicle
dynamic model, and yields the corresponding body-fixed
linear and angular velocities as well as the vehicle’s
orientation. Using these reference values, the dynamics of
the AUV was transformed to the error one. Backstepping
techniques were utilized to stabilize the above system and
force the tracking error to a neighborhood about zero that
can be made arbitrarily small. Computer simulations
showed very good tracking performance and robustness
of the proposed method in the presence of parametric
uncertainty or of trajectories that are described by time-
varying velocities.
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