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electric motors have been used more recently, [4], [5], that
may be powered by batteries situated on-board the robot. It is
obvious that electric motors offer the means of driving the
robot while achieving autonomy. However, because powerful
motors are heavy, as are batteries that store larger amounts of
energy, it is imperative that the robot moves in an optimum
way from an energy consumption point of view.
The analysis in this paper is based on the SLIP (Spring
Loaded Inverted Pendulum) model. This model is frequently
used to study legged robots and is composed of a point mass
attached on a spring that is free to rotate around its point of
contact with the ground. A similar model has been used by
Dummer and Berkemeier to analyze the passive dynamics and
control of a one legged robot, [7]. An approximate stance map
for the SLIP model has been found by Schwind and
Koditschek, [8]. Until now, little if any work has incorporated
energy losses into the SLIP model.
Passive running has also been studied by Raibert and
Buehler. Energy savings of 93% are reported, when passive
running is used [2]. It is now generally accepted that passive
running will lead to the least energy consumption. However,
this paper differs from previous work in that it points out that
all passive gaits do not lead to the same amount of dissipated
energy, and that running a robot close to its passive motion
does not guarantee the least energy consumption. The energy
dissipated by the robot during its motion has generally not
been considered in previous studies.
In this paper, it is analytically shown which passive gait,
of the many possible, leads to the least dissipated energy per
meter of travel. Both the mechanical and electrical energy
dissipated during the robot’s motion is considered. Using a
SLIP model and making some mild assumptions, an analytical
prediction for the optimal gait is found. To verify the
prediction, numerical simulations are carried out. Finally, the
effects on the optimal gait imposed by a torque-limited
actuator are studied.

Abstract - In this paper it is shown that, for a one-legged robot,
there exists a particular passive gait, of all those possible, for
which the dissipated energy per meter of travel is minimized. An
analytical method is used to identify the optimal gait. A SLIP
model of the robot is used to simplify the dynamics. Both
mechanical and electrical losses are taken into account. A
numerical analysis of a complete robot model follows, to evaluate
the accuracy of the analytical prediction. Finally, the limitations
imposed by a torque limited motor, with regard to the optimal
gait, are studied.
Index Terms - Hopping robot, SLIP model, passive hopping.

I. INTRODUCTION
Legged robots started being developed only about two decades
ago. Large parts of this planet, and others, are comprised of
anomalous terrain that makes locomotion with wheeled
vehicles impossible. On the other hand, legged robots have the
potential of being able to handle steep inclines and negotiate
obstacles. The fact that legged robots do not come into contact
with all the points of the ground they transverse, as in the case
of wheeled vehicles, facilitates their motion through rough
terrain.
Legged robots may be categorized according to the
number of their legs, their type of stability (static, dynamic),
their passive or active nature, and the type and number of
actuators they may posses.
Robots with two [1], [3], four [1], [4], six [5] and eight
legs and even robots combining legs and wheels have been
built. One-legged robots may either move in three dimensions,
[1], or be constrained to the plane, [6], as is the model studied
in this paper.
Depending on whether the robot is statically balanced at
every point in time, or merely executes a cyclic movement that
is stable as a whole, a robot may be characterized as statically
or dynamically stable. Naturally, one-legged robots are always
dynamically stable, since they cannot be statically stable with
one leg.
Legged robots may be distinguished as to whether or not
they are active, that is whether they make use of actuators to
move, or not [2]. In the past, both hydraulic, [1], [3], and
pneumatic actuators, [6] have been used in active robots. In
these cases, the robot is often connected to a stationary base
that feeds the robot with power. This physical connection acts
as a constant disturbance on the robot’s movement, while also
restricting the distance it may travel. On the other hand,

II. ROBOT DYNAMICS
The SLIP physical model is shown in Fig. 1. The model is
comprised of a body of point mass m, a massless leg with a
rest length L and a spring in the leg of stiffness k. The leg
forms an angle  with the vertical, while the length of the leg
at any moment in time is l. For the analytical study, the
pitching of the body and inertia of the leg are ignored, and  is
thought to be small. Also, there is no slipping of the foot
during stance. To verify analytical results, simulations of a full
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model with pitching and leg inertia are employed.
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that exactly compensates friction. The force f that compensates
the friction force ffr is:
(3)
f = f fr = b  l˙
where l̇ is the velocity of the body in the direction of the leg.
It is clear that the friction term in the equations of motion, see
Eq. (1), is now canceled by the force f. This means that, using
sets of initial conditions that yield a passive motion for the
lossless system, and a friction compensating motor, the robot
will execute an active gait very close to the passive gait. In
such a case, the robot may be studied as in the frictionless
case, and the only energy required to sustain the motion is the
energy dissipated due to friction in the leg.
It is has been well shown that passive running is the most
efficient type of running. However, depending on the initial
conditions, the characteristics of a passive gait, such as the
time the robot is on the ground during a cycle, as well as the
robot’s speed, will vary. Our work showed that the energy
dissipated during each passive gait varies and that the
differences for various gaits are considerable. Hence, it is
necessary to identify the gait for which the dissipated energy
per meter of travel is the least.
A particular gait is defined by a set of initial conditions
such as the initial height h of the body from the ground, the
horizontal velocity x˙0 of the CM and the leg angle 0 at
touchdown. For given values of parameters h and  0, the
velocity x˙0 is uniquely defined for a ‘passive’ gait, in a
normal working range. If only the value of the apex height h is
restrained, the robot may execute a wide range of ‘passive’
gaits with different values of the velocity x˙0 , for various
values of the leg angle at touchdown 0. It will be shown that
for a particular value of 0, the losses of the robot per meter of
travel are minimized, for a given h and x˙0 .
The losses of the robot are due to the friction in the leg,
and the motor’s ohmic resistance r. The friction force is given
in Eq. (3), and the losses due to friction are:
2
(4)
P = b  l˙
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Fig. 1. The SLIP physical model at the beginning of the
motion and at a typical point of the stance phase.
The system has losses, due to viscous friction at the leg
with a viscous coefficient of b. To supplement the loss of
energy, the robot has a motor that actuates the leg. When
moving, the robot goes through a stance and a flight phase, see
Fig. 2. During stance, the robot center of mass (CM) covers a
distance of xs, and a distance of xf during flight, reaching an
apex height of h.
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Fig. 2. Phases of the robot motion.
The equations of motion for the robot during stance may
be found using a Lagrangian approach:
ml2 ˙˙ + 2ml  l˙ ˙ - mglsin = 0
(1)
m˙l˙  ml˙ 2 + k (l  L ) + mgcos  + b  l˙ = f

fr

The force f exerted on the leg by the motor is:
(5)
f = ge  m
where g e is the transformation ratio of the mechanism that
converts the revolute motion of the motor to the linear motion
of the leg,  m is the motor torque output. Neglecting
mechanical losses in the motor, the torque  m of the motor is:

where f is the force the actuator exerts on the leg spring.
During flight, the robot is under the influence of gravity
only. Its position may be determined by the mass horizontal
position x and distance from the ground y. Therefore, the
equations during flight are:
x˙˙ = 0
(2)
y˙˙ = g

(6)
m = km i
where km is the torque constant of the motor, i is the current of
the motor. The ohmic losses of the motor are:

where g is the acceleration of gravity.

Pm = i2 r
where r is the motor resistance. Eqs. (3), (5), (6) give:

III. PASSIVE RUNNING AND DISSIPATED ENERGY
If the robot has no losses, then sets of initial conditions may be
found for which the robot executes a passive motion,
providing the leg is swung forward during flight [1]. In this
ideal case, the robot may move with zero energy consumption.
However, in reality, friction does exist in the leg, so the robot
will not perform more than a few hops with these initial
conditions. Therefore a completely passive motion of the robot
is not possible, and a motor is required for the robot to execute
a sustainable gait. The motor may exert a force f on the leg

(7)
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b r ˙2
l
g2e km2

Pm =

(8)

Therefore, the total losses are:
2
P = Pm + Pfr = btot l˙

where btot = b + b r( ge k m )
2

2

2

.

(9)

During flight, the robot is under the influence of gravity
only. The duration of flight can be found as:

IV. ANALYTICAL APPROACH
It is attempted to compute analytically the best operating gait
of the robot, for which the average losses of energy per meter
of travel, eˆ , are minimized. The gait is defined by the angle of
the leg at touchdown 0, for a given apex height h.
The quantity eˆ is defined as the total energy losses during
one stance, over the distance covered during one stance and
one flight period. During the flight phase there are no losses
since the leg may be brought forward with zero torque. If es is
the energy lost during stance then:

eˆ =

es

where,
(20)
hd = h  y 0  0
At liftoff, the speed of the body of the robot in the
horizontal direction is, see Fig. 1:
(21)
x˙lo = ˙lo L cos  0  l˙lo sin 0
˙
where  is the angular velocity, and the subscript (lo) denotes

(10)

(x s + x f )

the value of a quantity at liftoff.
It is presumed that the leg velocity l˙ does not
significantly contribute to the horizontal velocity at liftoff.
Mathematically, this means that the second term of Eq. (21) is
small in comparison to the first. If this approximation is made,
and because 0 is small and for a symmetric gait ˙lo = ˙0 , Eq.
(21) may be written as:
(22)
x˙ = ˙ L

For the optimum angle  0,opt, for which the losses per
meter will be minimized, the derivative of eˆ with respect to 0
will be equal to zero, so:

dˆe
(11)
=0
d0
Eq. (11) is the equation which will provide the optimum 0.
Below, () denotes the derivative with respect to  0. Taking
Eq. (10) into account, Eq. (11) becomes:

(

)

(
2
(x s + x f )

e s x s + x f  e s x s + x f

) = 0 or

e s x s + x f
=
es xs + x f

lo

(12)
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2
l˙ dt = btot p

(

)

(25)

mg = a1  0

(26)
x s = 2L sin  0 = a2 0
where a2 does not depend on o.
C. Expressing p as a function of 0: Using Eqs. (25) and
(26), Eq. (16) gives:

where Ts is the duration of the stance phase and:
Ts
2

(24)

where a1 does not depend on .
B. Expressing xs as a function of 0: From Fig. 2 it may
be seen that the distance the robot covers during stance is:

(14)

o

 l˙ dt

)

Taking into account Eq. (24), Eq. (23) gives an expression for
the xf distance covered during flight:

x f =  0 4 L 2 kh d

Ptot dt = btot

d

˙0 =  0 2 k m 2

Ts

p=

0

From the linearized equations of motion, it can be found that
approximately (see Appendix B) :

The energy lost during stance is:

es =

0

Since the robot travels with a constant horizontal speed of
x˙lo during flight, the distance xf it covers during flight is,
using the flight duration in Eq. (19):
(23)
x = 2L˙ 2h g

Since the motor of the robot exactly compensates the friction
force in the leg, the robot’s movement is described by the
unperturbed equations of motion:
2
ml ˙˙ + 2ml  l˙ ˙ - mglsin = 0
(13)
m˙l˙  ml˙ 2 + k (l  L ) + mgcos  = 0
Ts

(19)

T f = 2 2 hd g

(15)

o

Taking into account Eqs. (14), and (15), Eq. (12) which will
provide 0,opt, may be written as:

p
a2 + a1
1
=
=
p ( a2 + a1 ) 0 0

p x s + x f
=
p xs + x f

The leg speed, as derived from the linearized equation for
the leg, is (see Appendix A for more detail):
l˙( t) = l˙0 cos k m  t  g m ksin k m t
(28)
where l˙0 is the leg speed at touchdown. Using Eq. (28), (14b),
p may be calculated as:

(16)

(

Eq. (16) shows that the optimum angle of touchdown is
independent of the leg damping coefficient. For the optimum
angle to be calculated from Eq. (16), the distances xf and xs
must be expressed as functions of the touchdown angle 0.
A. Expressing x f as a function of  0: The gaits
considered have the same apex height h. The height of the
body of the robot at liftoff, see Fig. 2, is:

y0 = Lcos 0
If the liftoff angle is considered to be small, then:
y0  L

p=

(

)

1
[2a3 T s g 2 + a23 l˙02  gl˙0 1  cos (2 a3 Ts )
3
4a3
+ g 2 + a23 l˙02 sin (2 a3T s) ]

( (

(

(17)

)

(27)

)

(

))

(29)

)

where a3 = k m .
(18)

From Eq. (28), the stance time can be found to be
approximately (see Appendix A for more detail):

3

Ts   m k

(30)

may be chosen so that the optimal  0 has a value that is
acceptable, i.e. the foot does not slip during stance, and the
resulting motion is not too fast.

(31)

V. NUMERICAL APPROACH
To verify the formula derived above, simulations were carried
out in MATLAB by numerically solving the full nonlinear
dynamics of a robot with pitching of the body and leg inertia.
A wide range of robot parameters was used. Specifically,
having specified an apex height of 0.7m, the parameter of the
body mass of the robot was varied in the range m=(5 kg, 25
kg), while the parameter of the spring stiffness was varied in
the region k=(5000 N/m, 20000 N/m). The rest length of the
leg was kept as L=0.5 m. In Table 1, the relative error s of the
prediction of the analytical formula in Eq. (40) against the
prediction of the numerical simulation is shown, for various
sets of parameters.

Taking into account Eq. (30), the following are true:

cos( 2a 3Ts )  cos( 2 ) = 1
sin( 2a 3 Ts )  sin( 2 ) = 0
Substituting Eq. (30), (31), into Eq. (29), p is given by:

1
(32)
(m k )3/ 2 g 2 + l˙02 k m
2
To calculate the optimum angle of touchdown 0,opt from Eq.
(27), l0 must first be expressed in terms of .
D. Expressing l0 as a function of o: If ˙y0 is the vertical
speed of the CM at touchdown, then the duration of flight Tf
is:
y˙0
T
(33)
f = 2 , so y˙0 = g f
g
2
From Fig. 1, the vertical speed at touchdown y˙ td is:
˙y = ˙l cos + ˙ Lsin
(34)

(

p=

0

0

)

0

0

or, assuming again that 0 is small:
y˙0 = l˙0 + ˙0 L 0
From Eq. (33), (35) it can be found that:
2
l˙ = a  + a
0

4 0

Table 1. Analytical approximation relative error for an apex
height of 0.7 m.
m (kg) k (kN/m) L (m) s (%)
5
4
0.5
19.5
5
20
0.5
15.8
20
10
0.5
17.7
20
20
0.5
19.6
30
15
0.5
17.8
30
20
0.5
17.7

0

(35)
(36)
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where a4 =  2L k m  , a5 =  2gh d .
E. Calculation of optimal touchdown angle o:
Substituting Eq. (36) into Eq. (32), the quantity p becomes a
function dependent only on  0. Eq. (27), from which the
optimum o will be determined, then takes the form of a fourth
order equation:

n04 + q 02 + w = 0

As can be seen, the error is approximately constant and
equal to about 0.18. Because the error is constant, the formula
in Eq. (40) may be modified with the addition of a constant
factor of 1.2, so that the average error is close to zero.
Therefore, the modified formula for the calculation of the
optimum touchdown angle for a specified maximum hopping
height is:

(37)

where
3

12 k 2

2
0,opt
= (q ± d) (2n)

(38)

where:
3

2

48 2  k  2
2 k 
L   ghd + 2 L   g (39)
2
 m
 m


In Eq. (39), the second term is substantially smaller than the
-2
first term, since k / m >>1s . So:
2

104

d  L 104gh d k m

3

e 9
(J/m) 8.5
>

2

d = q  4nw =



From Eq. (38), the optimum angle of touchdown 0,opt is:

8

h=0.70m

7.5

mghd
(40)
4
kL2
kL2
Eq. (40) provides a simple expression for the optimal
angle 0, for a given apex height h. This expression can be
useful in robot design. Specifically, having chosen a
reasonable apex height h, the parameters m, k, L, of the robot

0,opt = 0.982 4

mgh d

(41)
kL2
Simulations for apex heights in the range of (0.6-0.85) m,
showed minimal deviations from the predictions of Eq. (41).
Simulations were also carried out for a robot with m=10 kg,
k=10000 N/m, L=0.5 m, body inertia ib=0.5 kg.m2, leg inertia
il=0.05 kg.m2, for apex heights of h=0.57 m and h=0.70 m,
b=5 kg/s, km=0.04 Nm/A, ge=50 rad/m, r=4 . The consumed
energy per meter eˆ is shown in Fig. 3. Eq. (41) predicts an
optimum angle of 0,opt = 15.6 deg for the first height and 0,opt
= 20.4 deg for the second height. It can be seen from Fig. 3
that the true optimum angles are about 0,opt = 15 deg and 0,opt
= 20 deg respectively.

0,opt = 1.2  4

k 2L
k
n =  2 2 L2 , q = 
2ghd , w = g 2 + 2 ghd .
m m
m
 m
From Eq. (37), 0,opt is calculated:

mgh d

7
6.5

h=0.57m

6
5

8

A

.
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20
22

Fig. 3. Energy used per meter for two apex heights.

4

To validate the result from the above simulations, the robot
was simulated in addition with the Working Model 3D
software package, for an apex height of h=0.57 m. The
optimal angle was found to be 0,opt=15 deg, equal to the one
computed previously. In Fig. 4 snapshots every 0.1 s are
shown, together with the time plots of , l, for the optimal gait
at point A in Fig. 3.

given by Eq. (45), which must be equal to the required torque
to compensate friction, see Eq. (44). Therefore it is found that:
2
l˙ = Vk m ge  b  r + (k m ge ) 

Eq. (46) expresses the relationship between the leg velocity
l˙ and the voltage V applied to the motor, when friction is being
compensated. Since the leg velocity is greatest at touchdown,
the friction force will also be greatest then. So if the motor is
capable of compensating friction at touchdown, then it is
always capable of compensating friction. At touchdown, Eq.
(46) gives:

è(t)
0.2
0
-0.2
-0.4
0
l (t)
0.5
0.48
0.46
0.44
0

0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9
t (s)
(a)

2
l˙0 = Vk m ge  b r + ( k m ge ) 

(c)

Fig. 4. Robot optimum gait, (a) , (b) l, (c) Working Model
3D motion snapshots.
To conclude, due to the approximations made, it is
expected that Eq. (41) predicts the optimum  0,opt
approximately. However, its main advantage is that it
correctly predicts the qualitative effect of the parameters m,
and k on the optimum angle, as demonstrated in Table 1, for a
wide range of parameters. Also, the qualitative effect of the
apex height h appears to be correctly predicted, as
demonstrated by the example in Fig. 3.

2
l˙0, max = Vmax km ge  b r + ( k m ge ) 

)

(42)

r

where  is the angular speed of the motor, and V is the voltage
applied to the motor. The torque speed characteristic is shown
in Fig.5, for some value of the applied voltage V and for the
maximum voltage Vmax. Due to the transformation constant ge,
the motor speed is:
(43)
 = g l˙
e

τ [Nm]

Vmax

τ fr

V

(48)

In Fig. 5 this is the leg velocity that corresponds to the
intersection of the friction compensating torque with the
torque - speed characteristic of the motor for the voltage Vmax.
This means that for a gait with leg velocity l˙0 greater than the
critical value l˙0, max the motor will be unable to supplement the
energy losses.
Due to the condition of a symmetric stance phase, the
critical value l˙0, max corresponds to a critical gait with a certain
angle 0,crit, for a given apex height h. Therefore, the motor is
unsuitable for any gait with an angle  0>0,crit for the apex
height h. This is because, for a given apex height h and for a
symmetric stance phase, a gait with a greater angle 0 requires
a greater ˙l0 , as is evident from Eq. (36).
The critical angle 0,max may be smaller than the angle that
would be optimal with an unlimited torque motor. In such
cases 0,max is the optimal 0, as larger values of 0 are not
feasible. In Fig.6, this can be seen for a robot with k=10000
N/m, m=10 kg, b=5 kg/s, km=0.04 Nm/A, ge=20 rad/m, r=4 ,
Vmax=48 V, for h=0.57 m.

VI. ACTUATOR - INDUCED LIMITATIONS
The motor used on the robot is described by the following
torque-speed characteristic:

(

(47)

Eq. (47) expresses the leg velocity that the robot may have at
touchdown, for a given voltage V at touchdown, so that the
motor may always compensate friction. In Fig. 5 this is the leg
velocity for which the curve of the friction compensating
torque intersects the torque – speed characteristic of the motor
for an applied voltage of V. From Eq. (47), it may be seen that
the greatest leg velocity the robot may have at touchdown is
that which corresponds to the maximum voltage Vmax:

0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9
t (s)
(b)

 m = Vk m  k 2m

(46)

>

e 50
(J/m)
45

0

l0,max

Fig. 5. Torque - speed characteristic of motor and curve of
torque  fr required to compensate friction.

35
30

From Eqs. (3), and (5), the required motor torque  fr
each moment so as to compensate friction is:
(44)
 fr = b  l˙ ge

25
20

and is shown in Fig. 5. On the other hand, from Eqs. (42), and
(43), the torque the motor supplies at any point is:
 (l˙,V ) = Vk  g l˙  k 2 r
(45)
m

(

m

e

m

motor not
suitable

40

l [m / s]

5

10

20
15
θ0 (deg)
θ0,crit

Fig. 6. Optimal 0 in the presence of a torque-limited motor.

)

VII. CONCLUSIONS
In this paper, it was shown that there exists a particular

During normal operation, the motor supplies a torque
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passive gait, of all those possible, that leads to the least
dissipated energy per meter of travel. The dynamics of the
robot were approximated by a SLIP model. Certain
assumptions were made to come to an analytical prediction for
the optimal gait. The analytical prediction found is fairly
accurate, and has a simple form that correctly predicts the
qualitative behavior of all the parameters involved. Also, the
accuracy of the analytical prediction has been verified with
simulations of a complete robot model, including pitching of
the body mass, as well as inertia in the leg. Finally, a model of
a torque-limited actuator was included in the model. The
analysis predicts which gaits are possible and whether the
optimal gait can be achieved with a given motor.

APPENDIX A
For small  , the equations of motion in Eq. (13) may be
linearized:
L˙˙  g = 0
(A1)
m˙l˙ + k (l  L ) + mg = 0
The solutions to Eqs. (A1) are:

 = c1e a 6 t + c 2 e a 6 t
 k 
mg
m˙  k 
mg (A2)
l( t) =
cos
t  +
l0 sin 
t + L 
k
k
k
 m 
 m 
a6 = g L
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(A3)

Differentiating l(t) in Eq. (A2), yields:
l˙( t) = l˙0 cos k m  t  g m ksin

(

)

(

k m t

)

Halfway during a symmetric stance phase, it is:
l˙( T 2) = 0

(A4)
(A5)

s

Solving Eq. (A5) for Ts by using Eq. (A4), it is:

(

) )

(

T s = 2 m k arctan  l˙0 k m g + 

(A6)

-2

Because k m >> 1s , the following are true:

(

)

arctan  l˙0 k m g   2

(A7)

Ts =  m k

(A8)

APPENDIX B
For a symmetric motion, the following is true:

 (T s 2 ) = 0

(B1)

Taking into account Eq. (A2) and Eq. (B1), we have:
a  ˙ = 1  e 2a 6 Ts 2 1 + e 2a 6T s 2

(B2)

Taking into account Eq. (A8), Eq. (B2) is of the form:
a60 ˙0 = 1  e 2 x 1 + e 2 x = f1 ( x )

(B3)

6 0

(

0

)(

(

)

)(

)

where x =  mg (4 kL) .
For realistic cases, the max value of x is 0.35. Plotting f1(x)
and f2(x)=-x in Fig. 7, it can be seen that f1(x)f2(x). Due to
this fact, and substituting for x, it is found that:

(

˙0 =  0 2 k m 2

)

0
fi(x)
-0.1
-0.2
f1(x)

-0.3
-0.4
-0.5

f2(x)
0

0.1

Fig. 7. Functions f1 and f2.
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