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During capture of a free-ﬂying object, a robotic servicer can be subject to impacts, which may separate it
from the object or damage crucial subsystems. However, the reactions can be minimized using the Centre
of Percussion (CoP) concept. Following a brief introduction of the two- and three-dimensional cases, the
performance of a robot under impact is assessed when the CoP concept is employed. The effects of the
parametric uncertainties on manipulator joint reactions are studied. Α control method to compensate for
the reaction forces is proposed. Implementation guidelines are discussed. Simulations of a planar space
robot validate the analysis.
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1. Introduction
Space exploration and exploitation require robust human and
robotic infrastructure on orbit and beyond. To this end, tasks like
satellite servicing, orbital debris removal and construction of large
assemblies on Earth or other planetary orbits will be of critical
importance in the near future. Since On-Orbit Servicing (OOS)
plays a central role to the future of space programmes, space
agencies have already incorporated OOS activities in their roadmaps, with notable examples the ETS-VII from JAXA, the Orbital
Express and the Robotic Refuelling Mission (RRM) from NASA, as
well as a number of research activities in the Clean Space initiative
and the Automation and Robotics group of ESA.
To perform a robotic servicing mission, it is necessary to reach
and grab a target (satellite or debris). Assuming a space robot already
on orbit, this procedure includes the phases of far and close rendezvous, of mating (docking or berthing which incorporate capture
of some kind), and of servicing (Fehse, 2008). The capture of a target
by a space robotic system, consisting of a satellite base and of one or
more manipulators mounted on it, is a demanding task. The dynamic
coupling between the base and the manipulator complicate system
analysis and control (Papadopoulos & Moosavian, 1994). During
capture, impact forces appear, as the chaser and the target come into
contact. This task becomes more challenging when the robotic system and the target have comparable masses. To minimize reaction
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forces, the reduction of body impulses using the Extended Inertia
Tensor has been proposed (Yoshida & Sashida, 1993), and the concepts of virtual mass and impedance matching of systems were
studied (Yoshida & Nakanishi, 2003). Related research works focus on
the problem taking into account the system dynamics and the postimpact behaviour (Dimitrov & Yoshida, 2004), or the condition prior
to impact, e.g. by incorporating an optimal approach method (FloresAbad, Pham, & Ma, 2012).
In this work, a method for minimizing undesired reaction forces during impacts is presented, which exploits the physical
characteristics of bodies rotating about an axis. The method is
based on the notion of the Centre of Percussion (CoP) or Percussion Point. Its primary use is in sports equipment (e.g. tennis
rackets, baseball bats) and hand tools (e.g. hammers). For example,
if an external force acts on a bat’s CoP, less stress is produced at the
hands of a player (sweet spot) (Cross, 2004). The CoP has been of
limited use so far in other areas although some interesting works
appeared recently. A novel method, which exploits the CoP for
legged locomotion is proposed, by considering the foot while in
stance, as a pivot (Alba et al., 2010) Another work for bipeds studies the CoP in weight lifting (Arisumi et al., 2007). The use of CoP
to minimize the reactions on a wagon when it encounters an object has been proposed (Ioi et al., 2011). The existence of multiple
CoPs at ﬂexible beams was also presented (Svinin, Kaneko, and
Yamamoto, 2011). Generally, the analytical treatment in the bibliography is scarce. However the CoP can be exploited further in
space applications (Papadopoulos & Paraskevas, 2005; Paraskevas
& Papadopoulos, 2013).
In general, any reduction of the reaction forces on robot joint
bearings is welcome, as it reduces the developed stresses and
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consequently the probability of a mechanical failure. Additionally,
and especially for space systems, any reduction in reactions minimizes the translational forces that affect the free-ﬂyer base, minimizing the tendency of the chaser to move away from the target after
an impact; this is particularly important in the event of an unsuccessful capture. Staying close to the target also minimizes the fuel
that would be required to approach the target again. To this end the
interesting property of CoP to theoretically cancel out reaction forces
seems beneﬁcial for a robot interacting with its environment. However it is necessary to examine its performance in three-dimensional
tasks and thoroughly examine its sensitivity to system parameters.
As impacts are by nature processes with fast dynamics, it is important to estimate how such sensitivity may affect performance
both during the design phases, and during its ﬁeld tasks.
The CoP is a property associated usually with free rotating
joints. This is true also in robotics, and requires a passive joint – for
example by disengaging the motors of a joint before the impact.
However either this is not always possible, or the joint bearings
cannot be considered as perfectly frictionless. Robotic systems on
orbit have rotational joints and usually use Harmonic Drives (HD),
which are rigidly connected to the links (Hauschild & Heppler,
2007) Disregarding the backlash (zero for HDs), gear friction is a
problem present on all kinds of transmission systems (Li & Mao,
2013). Additionally, it is not always possible to have a perfect
impact at a particular point – thus a compensation measure must
be implemented to reduce the reaction forces. Confronting these
issues resembles the approaches taken in rehabilitation robotics.
Indeed in such robots, it is necessary for patients with reduced
neural or muscular capabilities to move links according to the
prescribed therapy. In those cases even small frictional torques are
undesired (Kong et al., 2009). Here, a similar approach is considered, using the concept presented in the work of Nef and Lum
(2009). For this reason, a controller, which exploits the CoP is
proposed. In the literature, the CoP has been used mainly as a
reference point, while a number of controllers (e.g. PD) are used to
set the motor torques (Alba et al., 2010; Arisumi et al., 2007). To
the best of the authors' knowledge, this is the ﬁrst time that the
CoP is used in the core calculation of control torques.
This paper establishes in Section 2 the theoretical basis for the
CoP, for the planar and the three-dimensional cases, and introduces
the notion of the Coefﬁcient of Impact Design. In Section 3, the effects
of uncertainties on system or impact parameters are examined using
non-dimensional variables, allowing task performance assessment. In
Section 4, the theory of the CoP is established for multibody systems
using the Newton–Euler Approach (NEA). Its use in robotic systems is
presented, and a control method exploiting the concept at non-free
joints is developed. Implementation guidelines for various manipulator types are discussed in Section 5. Finally in Section 6, simulation results for a planar space robot system conﬁrm the beneﬁt of
using the CoP during tasks that include impacts.

(2) Impact forces are very high and of short duration, therefore
the impulse of external forces such as solar pressure, is negligible. Due to the short duration of impacts, it is assumed that
there is no considerable change in the system conﬁguration
during an impact, i.e. joint rotations during the impact are
considered negligible. This applies also in the zero-g environment even if there is no ﬁxed base, because each joint
appears as ﬁxed in a position in space during an impact due to
the inertia of the system bodies involved in the impact
(“quasi-static”). Finally,
(3) Relative velocities between bodies are within the limits of low
speed impacts; i.e. no impacts with plastic effects are
considered.
Some of these assumptions are typical when dealing with impact models (Stronge, 2000). No other requirement is set for the
exact impact model or the coefﬁcient of restitution. Manipulator
workspace and singularity issues are out of the scope of this work.
For the duration of both the impact and the simulations in this
work, orbital mechanics effects are also negligible.
2.2. The concept of the Centre of Percussion
The CoP is a property of bodies able to rotate about a ﬁxed axis.
If an impact occurs at the CoP, the reaction force exerted on the
ﬁxed rotation axis (i.e. on the bearings of the rotational joint),
tends to a minimum including zero. More speciﬁcally, let a beam,
see Fig. 1, that can rotate about a Rotation Axis (RA). An impact
occurs at a point on the longitudinal axis. Then, the overall
movement of the body consists of the superposition of (i) a
translation in the direction of the impulse, with an inertial force
exerted at its RA and (ii) a rotation about its Centre of Mass (CM),
with an inertial force applied to the RA. Here, the magnitude of the
latter is related to the relative position of the impact point with
respect to the CM, whereas its direction is opposite to the reaction
force due to translation. If the impact occurs at the CoP the magnitude of the latter reaction force is equal to the magnitude of the
reaction force exerted due to the translation. Therefore in this case
the vectorial sum of the forces exerted on the RA is zero – at least
in principle.
2.3. Centre of Percussion for 2D systems
To study the CoP concept analytically, consider the free body
diagram in Fig. 2. Assume an impact force is applied at some point
(impact point-IP) along the longitudinal axis. For purposes of
generality, the impact force can have any direction. Balance of
forces and moments yield,

̇ sin θ = − mθ¨rcm cos θ = Nx − Fimp cos (ϕ + θ )
−mvcm

2. Generalised theory of Centre of Percussion

Inertia force
due to translation
RA

In this section, a concise theoretical analysis of the CoP in 2D
and 3D is presented as a prerequisite in developing the parametric
analysis and the associated controller. The assumptions made here
are outlined, next.

(1) Impacts occur between rigid bodies. The contact area remains
small in comparison to other body dimensions. Body ﬂexibilities are not considered for the same reason.

Inertia force
due to rotation

CM

2.1. Assumptions
The following assumptions apply:

(1)

CoP
Impact

Translation

Rotation
about CM

Pure Rotation:
No Reaction

Fig. 1. The concept of CoP: elimination of reaction forces.
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⎡
2
Ω˜ N = 0 ⇔ ϕ = ± sin−1⎢⎣ 2CID − CID

(

)−1/2⎤⎥⎦ =

± sin−1 β

(10)

The term in the brackets is valid for β ≤ 1, while the radicand of
the square root has real values only for 0 < CID < 2, and thus β ≥ 1.
Therefore, the reaction impulse will be eliminated if and only if
~
ΩN = 0 ⇔ β = 1 ⇔ CID = 1 and ϕ = ± π /2
(11)
The sign is related to the force direction. Eq. (11) shows the
uniqueness of the CoP along the longitudinal axis of a beam for a
rigid body. From (8), and using (4), (5) and (11) for r = 0 (impact
occurs at the CoP), it can be found that the CoP's location rcop is
given by

CID = lrcm m ( I o)

−1

⇔ rcop =

Fig. 2. Free body diagram of a beam under impact force.

̇ cos θ = mθ¨rcm cos θ = Ny − Fimp sin (ϕ + θ )
mvcm

(2)

I oθ¨ = − lFimp sin ϕ

(3)

where all symbols are deﬁned in Fig. 2 and m is the mass of the
body. The body polar inertia I o about the RA at O is,
2
I o = I c + mrcm

(4)

The impact point is located at distance

l = lcop + r = ( rcop + rcm ) + r

(5)

from joint O, where r is the displacement of IP from the CoP
(negative if the displacement is towards the CM and positive
otherwise). Integrating (1)–(3) for inﬁnitesimal time, the forces
result in impulses and the accelerations in velocities, e.g. for the
reaction force, the corresponding impulse is

ΩNx = lim
ε→ 0

∫0

ε

Nx dt

(6)

where ε is the duration of the impact. Other variables, including
rotation angle and impact angle, remain unchanged due to assumption (2).
After some algebraic manipulation and applying trigonometric
identities, the magnitude of the impulse of the reaction force N ,
ΩN , is given by
2
2
2
ΩN2 = ΩNx
+ ΩNy
= Ω F2imp ⎡⎣ 1 + CID
− 2CID sin2 ϕ⎤⎦

(

)

(7)

with

CID = lrcm m ( I o)

−1

ΩN2 /Ω F2imp

( rcm m)

Eq. (7) does not depend on the beam angle θ , but depends on
the angle of impact ϕ , and the IP and body parameters due to (8).
To ﬁnd the CoP, the reaction impulse is zeroed, yielding

(12)

2.4. Centre of Percussion for 3D systems
Consider the rigid body in Fig. 3, whose Centre of Rotation (CR)
is located at the spherical joint O, and a force Fimp acting on it at an
Impact Point (IP).
The equations of motion for the Coordinate System (CS) a: {xyz}
are

∑ aF o = ma v̇ cm = aN + aFimp

(13)

∑ aM o = d/dt ( aIo aω) = ( alimp × aFimp)

(14)
o

where N is the reaction force at O, I is the inertia matrix of the
body with respect to O, Fo and Mo is the vectorial sum of forces and
moments with respect to O correspondingly, vcm is the linear velocity of the CM and ω is the angular velocity of the body around
O. The left superscript refers to a vector expressed in the CS a . For
any CS, the following holds ( 13 is the 3 ! 3 unit matrix)

vcm = ω × rcm

(15)

rcop
a: {xyz}
b: {nst}

vcm

z

(8)

(9)

=1⇔
−1

Interestingly, if rcm → 0 ⇔ rcop → + ∞, i.e. the reaction forces
cannot be eliminated on a statically balanced body. On the other
hand if rcm → + ∞ ⇔ rcop → 0, i.e. on a body with all its mass
concentrated at a point away from the RA, the CoP is at the same
point. Using (11) and (7), and when ϕ ≠ ± π /2, one can see that in
this case the non-dimensional impulse cannot be zeroed; this is
because in such a case there is always an impact force component
parallel to the longitudinal axis, whose line of action passes
through O and therefore does not produce any moment about the
RA. Thus it acts directly on the joint axis, and this cannot be
cancelled, see also Fig. 1.

where CID is the Coefﬁcient of Impact Design, a coefﬁcient which
relates the physical characteristics of the body to the location of
the impact. Equations are simpliﬁed using the non-dimensional
impulse Ω̃N ,

Ω˜ N =

Ic

t

l imp

O
x

n

IP

rcm

s
y

r
Fimp

rimp
l cop= rcm+ rcop

N

Fig. 3. A 3D rigid body rotating around a spherical joint and the geometrical elements used to derive the CoP conditions in the 3D case.
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limp = rcm + rimp = rcm + rcop + r = l cop + r

Io = Ic + m

( (r

T
cm rcm

)1

3

− rcmr Tcm

)

(16)

⎛ 0 −z y ⎞
⎟
⎜
r = ( x y z) ⇔ r × = ⎜ z
0 − x⎟
⎟
⎜
0 ⎠
⎝− y x

where I is the inertia matrix with respect to the CM, and all
vectors are deﬁned in Fig. 3. Integrating (13) and (14) for a short
duration, using (15), and performing some algebraic manipulation
results in

I

ω = ⎡⎣ alimp × ( maω × ar cm − a Ω N ) ⎤⎦

(18)

a

where Ω N is the reaction impulse at point O.
The impact force Fimp and the corresponding reaction force N
can be considered as the vectorial sum of normal components
Fimp ⊥ and N⊥ , and parallel components Fimp ∥ and N∥ to the impact
vector limp , irrespective of the CS. The same stands for their corresponding impulses therefore

Ω Fimp = Ω Fimp ⊥ + Ω Fimp ∥

(19)

ΩN = ΩN ⊥ + ΩN ∥

(20)

The parallel component ΩN ∥, which corresponds to the reaction
of the parallel component Ω Fimp ∥ cannot be eliminated. This is
because Fimp ∥ does not produce a moment around O and its line of
action passes through the CR. Therefore, the aim is to eliminate the
ΩN ⊥ due to Fimp ⊥ . This requirement can be summarised as the inner
product

limp⋅Fimp ⊥ = 0

(21)

Note that (21) is valid for any CS. This condition is qualitatively
similar to the angle requirement in (11). Using (20) in (18), and
given that the cross product of parallel vectors is zero, one ﬁnds
that,
a o a

I

ω − alimp × ( maω × ar cm) = a Ω N ⊥ × alimp

(22)

To eliminate ΩN ⊥ , it is required that the left side of (22) must be
equal to zero ( a l imp ≠ 0 otherwise the impact occurs at the spherical joint). According to the deﬁnition of the CoP, for such a point,
a
l imp = a l cop , and therefore
a o a

I

ω = l cop × ( m ω × r cm) ⇔
a

a o a

⇔ I

a

a

ω = m ( ar cm × aω) × al cop

(23)

During an impact, the moment with respect to CS a due to Fimp
is deﬁned as
a

M = alimp × aF imp

(24)

Thus the instantaneous axis of rotation is given by

^t = aM/‖aM‖

(25)

^ and ^s be normal to each other and to ^t so
Let also unit vectors n
^ or the ^s correspond
that an orthogonal CS b : {nst} is formed (the n
to any arbitrary direction on the {ns} plane as long as they are
perpendicular to each other and to ^t ). The instantaneous angular
velocity in this CS is then
b

ω = ( 0 0 ωt )

T

(26)

It will be advantageous to write (23) as
a o a

I

ω = mar ×cmaω × al cop
×

where r is the matrix that corresponds to a cross product

(28)

Eq. (27) written in CS b becomes

(17)

b o b

I

c

a o a
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(27)

ω = mbr ×cmbω x bl cop

(29)

Eq. (29) using (26) and a generic inertia matrix

⎛ bI o
⎜ nn
b o
o
I = ⎜ bI sn
⎜
⎜b o
⎝ Itn

b o
I ns
b o
I ss
b o
Its

b o ⎞
I nt ⎟
b o⎟
I st
⎟
b o⎟
Itt ⎠

(30)

yields

⎛
⎞
b o
I nt + mrcm, t lcop, n
⎜
⎟
b o
⎟=0
ωt ⎜
I st + mrcm, t lcop, s
⎜
⎟
⎜ bI o − m r l
( cm, s cop, s + rcm, n lcop, n )⎟⎠
⎝ tt

(31)

where rcm, (i = n, s, t ) and lcop, (i = n, s, t ) refer to the i component of the
corresponding vector in CS b. For (23) to be valid, the column
vector in (31) must be zero. The case where ωt = 0 is trivial (no
impact occurs). Therefore, (31) holds if all of the following conditions hold:
(i) ^t is a principal inertia axis of the body. Then,
b o
I nt

= bI sto = 0

(32)

(ii) There is symmetry in mass distribution with respect to the
{ns} plane, i.e.

rcm, t = 0

(33)

(iii) Using the last row of (31) and (33), the impact occurs at a
point, which satisﬁes
b

r cm⋅bl cop = bIttom−1

(34)

which by virtue of (16) and (17), and (33) becomes
b

r cm⋅br cop = bIttcm−1

(35)

Eq. (35) requires that the IP, the CM and the CR should be
collinear. In the planar case, ^t is substituted with z^ , and (35) reduces to (12). It is reminded that (21) should also apply. On the
other hand if only (21) and (35) apply, the reaction forces can be
still reduced but not eliminated (note that in this case (35) applies
for the projection of the CM on the {ns} plane). From the analysis
of the 3D case, one can deduce that in order to eliminate the reaction forces on the spherical joint, the impact should occur in
certain planes, rendering the problem essentially planar. Therefore
for the rest of this work it is assumed that impacts occur in a plane,
for which, the reaction forces can be eliminated.

3. Robustness to parametric uncertainties
3.1. Introduction
As described in Section 2, the minimization of the reaction is
possible either in the planar case, or at speciﬁc planes in the three
dimensional case. The analysis here will focus to the planar case
and necessary adaptations for the 3D case will be presented later.
It is important to examine the effects of deviations in the angle
ϕ or the CID on the rate of change of the non-dimensional impulse
given by (7). Fig. 4a displays ∂(Ω˜ N ) /∂ϕ as a function of ϕ . It can be

Change Rate of
∼
Non-dimensional Impulse ΩN

Change Rate of
∼
Non-dimensional Impulse ΩN
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impact occurs at the CoP. More speciﬁcally for an impact at the CoP
( CID = 1), and for a given Ω̃N , (7) results in:

1
CID = 1
0.8

( Ω˜ N )

2

0.6

0.4
0.6
0.4

0

10

20

30

40

50

60

70

(a) Impact Angle φ in degrees

80

90

φ = 90o

0.5

o

72

0.4
o

0.3

54

0.2
0.1

18

0

o

36

o

-0.1
-0.2
-0.3

2

-0.5
0.2

0.4

0.6

0.8

1

⎟
⎠

1.2

1.4

1.6

1.8

2

(b) Coefficient of Impact Design CID
Fig. 4. Change rate of non-dimensional impulse as (a) impact angle changes and
(b) as the coefﬁcient of impact design changes.

seen that the sensitivity is highest when CID = 1. Similarly Fig. 4b
shows ∂(Ω˜ N ) /∂CID as a function of CID . It is observed that the highest
sensitivity is at ϕ = 90°; however it is constant throughout the
range of CID . This is expected, as in this case, the parallel component of the impact force is the only part that cannot be compensated and is not affected by the IP. This preliminary sensitivity
analysis shows that deviations from the normal impact angle yield
higher rate of change of the reaction forces than deviations from
the impact location of the CoP. Therefore prior to an impact, a
system should assume a conﬁguration which allows fulﬁlment of
the requirements of the CoP as in (11); if this cannot be achieved,
then the angle of the impact should be kept as close to ϕ = 90° as
possible. Next, the way deviations of system or impact parameters
affect the reaction forces is examined more precisely.

(38)

= 1 + ⎡⎣ CID2 − 2 CID sin2 ϕ⎤⎦

(

(ϕ ≠ k ⋅ π , k ∋ )

⇒

( ( Ω~ ) − 1) ( sin ϕ) = 0 ⇒
~
1 − ( ( Ω ) − 1) ( sin ϕ)

⇒ CID2 − 2 CID −
⇒ CID = 1 ±

)

2

2

N

−1

2

N

2

−1

3.3. Assessment of performance during design
The relationship between CID , ϕ and Ω̃N can be studied using
Fig. 6, in which lines of constant impact angles have been drawn.
The areas outside the lines of ϕ = 90° cannot be achieved. Fig. 6

To analyse further the effects of the deviation of an IP from the
CoP, r̃ is deﬁned as the non-dimensional displacement from the
CoP, see Fig. 2.

(36)

where r is the distance of the IP from the CoP. Additionally the
notion of the “impact conﬁguration” is deﬁned as “the set of system
and impact parameters prior to an impact, necessary to describe the
impact behaviour”.
In this context the system parameters include the body parameters in the CID , and the impact parameters include the impact
distance r̃ and impact angle ϕ .
Assume next that an upper limit for the non-dimensional impulse Ω̃N has been set. One can deﬁne two extreme bounds:
a) The minimum impact angle, ϕmin , deﬁned if and only if the

(39)

Eq. (39) is being plotted for a given Ω̃N in Fig. 5. Every impact
conﬁguration inside the sketched area results in a reaction force
less than Ω̃N . Therefore considering the uncertainties of the body
characteristics and the impact point – thus the CID , and the uncertainties on the impact angle estimation – thus the ϕ , one can
estimate how close an impact conﬁguration is to the limits of the
sketched area, where the non-dimensional impulse equals to Ω̃N .
In this way, the impact conﬁguration (represented by its nominal
point and estimated errors) for a system, which is closer to the
limits of Fig. 5, is the limiting case for impact for this system.

3.2. Non-dimensional analysis of the uncertainties

r˜ = r /rcop

(37)

The next question to focus on is, for a given Ω̃N what impact
conﬁgurations are admissible (i.e. impact point distance and impact angle). Note that the impact angle cannot be eliminated; that
would mean that the impact is collinear to the longitudinal axis
and that no reaction reduction measure can be applied to the joint
−
+
under consideration. Values of CID
max > 2 or CID max < 0 are of no
interest, as in this case the reaction force due to the developed
moment becomes larger than the impact force, see also (7); in fact
in this case the joint acts like a fulcrum.
Using (7), one can ﬁnd the dependence of CID by the non-dimensional impulse and the impact angle as

( Ω~N )

-0.4

0

1/2 ⎞

)

±
˜
CID
max = 1 ± ΩN

0.2
0

(

b) The maximum distance of the IP from the CoP, deﬁned non-dimensionally by CID max , if and only if the impact force is normal to
the longitudinal axis of the body (as deﬁned by the line that
connects the RA and the CoM). For a normal impact ( ϕ = 90°) and
for a given Ω̃N , one can ﬁnd from (7):

0.8

0.2

⎛
2
= 1 − sin2 ϕmin ⇒ ϕmin = sin−1⎜ 1 − ( Ω˜ N )
⎝

Fig. 5. Graph of feasible impacts for a deﬁned Ω̃N .
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the body polar inertia about ^t . Additionally the
Coefﬁcient of Mass Distribution about ^t is
body and

b o
Itt

CMD, t = bIttc /bItto

(43)

which is the ratio between the body polar inertia with respect to
its CM about ^t , bI c , and the body polar inertia with respect to the
tt

RA about ^t , bItto . Finally the deviation of the IP from the CoP r̃t is the
non-dimensional deviation from CoP

r˜t = sgn

( r⋅ r ) ‖‖r r⋅ ⋅r r ‖‖
b

b

b

cm

b

b

cop

cm
b
cm

(44)

b

where r is the vector which connects the IP with the CoP. By
applying the above deﬁnitions, the rest of the planar analysis for
the robustness during parametric uncertainties is valid for the 3D
case.

Fig. 6. Graph of feasible impacts and example.

can be used also for the estimation of body parameters during the
design phase or for estimating the performance under known
impacts. More speciﬁcally, (8) is rewritten using (36) thus

CID = lmrcm ( I o)

−1

= 1 + CMD r˜

(40)

where CMD is the Coefﬁcient of Mass Distribution deﬁned as the ratio
between the body polar inertia with respect to its CM, I c , to the
body polar inertia with respect to the RA, I o .
The CMD is a metric for the “symmetry” of the mass distribution
between the CM and the RA. To clarify this further, note that,

(

2
CMD = I c /I o = I c I c + mrcm

)−1 ⇒ 0 ≤ CMD ≤ 1

(41)

thus it can be seen that as the CM is closer to the RA (rcm → 0),
there is larger “symmetry” in the mass distribution (CMD = 1),
whereas as the RA is further away from the CM (rcm → + ∞), this
“symmetry” is affected (CMD → 0).
As an example of the use of Fig. 6, suppose that the control
designer sets the following limits for nominal operation of a manipulator during impacts: ϕ = 70° and Ω̃N = 0.4 . One can ﬁnd that
the given ϕ and Ω̃N correspond to point B (and C) and from the
graph, this corresponds to CID = 0.68 (and CID = 1.32). Knowing the
parameters of the system, thus the CMD , the maximum deviation of
the IP from the CoP can be found – and eventually the acceptable
level of uncertainty during the impact.
One can recognise the following areas in Fig. 6: (i) BHCEFGB is the
area for which any impact is within the requirements, (ii) BCHB is an
area in which the Ω̃N satisﬁes the requirements, while the angle requirement is relaxed, provided however that the IP is nearer to the
CoP. Finally, (iii) ABGA and CDEC are areas in which the Ω̃N requirement is met, but the impact angle must be greater than the minimum
requirement. Therefore, in the case in which the body parameters are
known, using the abovementioned method it is possible to tune a
controller's performance according to the required limits of the task.
Apparently the stricter the requirements are with respect to the given
impulse limits, the more robust the controller should be.

4. Impact compensation using CoP
4.1. CoP for multibody manipulators
To examine the effects of the CoP in robotic systems, it is useful to
derive the CoP for multibody systems. For completeness, the necessary
analysis based on our previous work (Paraskevas & Papadopoulos,
2013) is presented brieﬂy.
In Fig. 7, the external impact force fimp, i acts on the impact point
(IP), which is located at run, i from CM and −rdist , i from next joint

{iþ 1}. The i r cop, i is the vector from CM to the CoP and i r i is the
vector from the CoP to the IP; the remaining vectors are deﬁned in
Fig. 7.
Using the Newton–Euler Algorithm (NEA) for two adjacent
links, in a impulse form (Paraskevas & Papadopoulos, 2013; Craig,
2004). the following results

(r

)Ω =
⎡
⎤
= ⎣⎢ ( r
+ r ) m ( ω r ) − I ω ⎦⎥ −

i

i

ID, t

is the Coefﬁcient of Impact Design about ^t , which relates the physical characteristics of the body to the location of the impact

(I)

b o −1b b
l⋅ r cm
tt

(42)

where b l is the vector which connects the IP and the RA, b r cm is the
vector which connects the CM and the RA, m is the mass of the

×

i

i

i

i

i

f, i

×i
i C,i

A

(

C,i i
i

i

B

)

⎡
⎤
⎡
⎤
i
ni − i R i + 1i + 1ni + 1 ⎥
+ ⎣ i r ×un, i mii vi ⎦ + ⎢⎣
 ⎦

(

)

∫(

C

)

D

where i Ω f, i is the reaction impulse at joint {i}.

(45)

To obtain i Ω f, i = 0, the right side of (45) should be zero. In the

{i+1}
Fi rdist,i

r imp,i

Here, the interest lies in the plane normal to the instantaneous
axis of rotation ^t according to CS b : {nst}, Fig. 3. Therefore the C

×

+ i r un, i

⎡
⎤
− ⎣ i r ×dist, i i R i + 1i + 1Ω f, i + 1 ⎦ +


3.4. Extensions to the 3D case

CID, t = m

cop, i

C,i

{i}

ni

fi

ni+1

f i+1
rc,i

run,i f imp,i
Ni

Fig. 7. Free body diagram of two adjacent manipulator links.
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case where the rotational joints are free, (zero friction is assumed),
then D = 0. Due to the quasi-static assumption, C = 0. Two cases
are possible for a robot with N links:
(i) The joint is on the last link of the robot (i = N )-then B = 0.
Using (17) and (29) the following applies
b c b

I

ω=

mbr ×cmbω × br cop

(46)

therefore for (45) to apply, the following must hold

(

)

mii r i× i ωi×i r C , i = 0

(47)
i

or in other words, r i must be zero and the impact must occur at
the CoP. If this is not the case, reaction forces develop, as already
discussed in Section 3.
(ii) In the general case in which (i ≠ N ), the following must
apply
×
⎡ i
i
i ×i
C,i i ⎤
⎣⎢ r cop, i + r i mi ωi r C , i − Ii ωi ⎦⎥ −


(

) (

)

A

⎡ ×
⎤
i
i+1
− ⎣ i r dist
Ω f, i + 1 ⎦ = 0
,i Ri+1


(

)

(48)

B

In this case, A − B = 0. This means that if the reaction from
joint {i + 1} and an impact force fimp, i act simultaneously and directly on link {i}, it is possible to eliminate the reaction on joint {i}.
A more common and useful case is when the impact force acts
only at the end effector (link N), while the previous rotational
joints {i < N} must cope with the reaction forces, which propagate.
In this case it is easy to see that if the joint {i + 1} is on the CoP of
link {i} then i r dist , i = i r i = 0 and thus A = B = 0.
The above analysis concludes that in order to minimize reaction forces on joint bearings, it is best to position the revolute
joints on the CoP of the previous link, while the impact should
occur at the CoP of the last link.
If D ≠ 0, (45) can be eliminated if the following applies
i ×
ri

mi

(

i

)+ ∫ (n −

ωi× i r C , i

i

i

i

)=0

R i + 1i + 1ni + 1

(49)

i

where r i is the distance of the joint {i + 1} (or the IP for the last
link, normally this point is the end effector point) from the CoP of
link {i}. If link {i} is subject to several impacts including the reaction of joint {i + 1}, (49) is valid using the vectorial sum of all
impact forces at i r i , while an external moment is added to the
integral.
4.2. Impact Compensation using CoP (IC2)

whereas if i ≠ N but joint {i + 1} is located at the CoP of link {i},
then
i

n cop, i = i R i + 1i + 1ni + 1

Eqs. (51)–(53) provide the necessary motor torque in order to
compensate an impact, which occurs at a point different than the
CoP of the last link, and to compensate for the reaction forces
propagated by the successive links and joints. Note that in the case
of the space robot base an equal torque to the torque applied to
the next joint {1} must be applied by the actuators of the base,
otherwise due to the dynamic coupling, reaction forces are developed at joint {1} which back-propagate. That is control action
must be applied to all rotational joints including the base. Naturally (51)–(53) cannot provide any compensation for the component of the force whose line of action passes through the joint
location.
Additionally it is important to consider that for (51)–(53) to be
effective, given that the impact is a process with fast dynamics, it
is necessary to compensate joint friction. Otherwise the compensation torque based on the CoP will not be exact, because friction
will apply an undesired torque opposing the motor-induced motion. Therefore, the motor must apply a friction compensation
torque at each joint (Nef & Lum, 2009) i.e. a torque i n i , which is of
the form
i

ni = i n cop, i + i n fr, i

− i r i× mi

(ω
i

)+ ∫ (R

×i
i r C,i

i

i+1

i+1

)

ni + 1

τ = M q¨ + V (q, q̇ ) + JT F

(

)

n cop, i = − i r i× mi i ω̇ i× i r C , i + i R i + 1

i+1

ni + 1

(50)

(51)

where i r i locates the joint {i + 1}, or the IP with respect to the CoP
of link {i}. Note that if i = N , {i} is the last link of the robotic arm,
and (51) is simpliﬁed to
i

n cop, i = − i r i× mi

( ω̇
i

)

×i
i r C,i

(52)

(55)

where q is the vector of joint variables, τ is the vector of all actuator forces and torques, M is the conﬁguration-dependent mass
matrix, V (q, q̇ ) is the vector of nonlinear velocity terms and JT F
resolves the effects of external impact forces F to each joint,
The developed IC2 controller acts during the impact; after external impact force elimination, and thus elimination of the impact
joint reactions, the control system switches to the normal system
controller e.g. to a model-based controller which moves the end
effector to a desired position, see Fig. 8.
Thus the proposed control methodology is a two-part one. First,
the robot motion is controlled e.g. by a model based controller,

Noting that for the small duration of the impact, only the angular velocity and the impulse are affected, (50), yields,
i

(54)

where i n cop, i is the control torque calculated in (51)–(53) and i n fr , i
is the friction compensation torque. To calculate this torque, a
number of friction models can be used (Papadopoulos & Chasparis,
2004; Åström & Canudas-de-wit, 2008).
To implement the IC2 controller, the following scheme is proposed. Let a space robot whose dynamics are described by,

In case the rotational joints are not free, (49) can be used to
examine if the reaction forces can be reduced by motor actuation.
First the case where the joints are completely frictionless is examined. The i n i is substituted with i n cop, i for convenience, therefore from (49) the following applies,

∫ incop,i =

(53)

Fig. 8. Block diagram of Impact Compensation using the CoP (IC2).
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Link

Mass (kg)

Inertia (kg-m2)

Joint length (m)

CM (m)

CoP (m)

important to keep the computational effort to a minimum. The
proposed method requires few and fast calculations, thus it is
computationally feasible. By design, values as lengths, masses and
inertias are known; therefore for (51)–(53) to be implemented,
joint encoders and a force sensor at the last link N to detect the
impact are required.
A closing note related to the estimation of the IP location is
considered necessary. For (51) and (52), i r i i.e. the distance of joint
{i + 1} or of the IP from the CoP of link {i}, must be known. In
practice one can establish two cases: (a) the IP is known a priori
and (b) the IP is unknown.
In the ﬁrst case, the IP is known by design, or by a priori
planning; as a result the equations can be used with this known
value and any discrepancies due to inaccurate IP estimation will be
low – the accepted inaccuracies can be estimated following the
procedure of Section 3. It is expected that for man-made systems,
this is the usual case.
If the IP is unknown, a method to compute this point is needed.
Many researchers are working in the ﬁeld; some notable works
can be found in the literature (Bai & Tsai, 2011; Chen & Yuan, 2010;
Choi & Chang, 1994). As expected, even though these are fast and
can be used in real time, they add a small delay in the calculations.
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1
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5. Implementation guidelines

Origin of Base
Joint 1

q1

q2
Link

1

Joint 2
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y
x
(0,0)
Origin of World Frame

Fig. 9. The planar space robot used in the simulations.
Table 1
Physical characteristics of planar system.

where an acceleration q¨ * is calculated by,

q¨ * = q¨ d + K d ( q̇ d − q̇ ) + K p ( q d − q)

(56)

where q d, q̇ d, q¨ d are the desired position, velocity and acceleration
of all degrees of freedom in vectorial form and K d, Kp are the gain
matrices for derivative and proportional control. Therefore the
necessary torques are given by

^
^
τ = M q¨ * + V (q, q̇ )

(57)

^ ^
where M , V are estimates of the mass matrix and nonlinear velocity terms, respectively. The detailed procedure of model-based
control can be found in the literature (Craig, 2004). Then, as the
impact occurs, the motor torques are given by (54), with the help
of (51)–(53).
After each impact, the systems under impact are separated.
Then the chaser will reach again the target (due to the inertia of
the masses and their initial relative velocity) due to the modelbased controller (57), and another impact will occur. This can be
repeated several times (Doh, Chung & Youm, 2000), until the impacts are below a threshold where another control scheme (e.g.
Impedance Control) can be used effectively. The proposed IC2
controller can be used for all these impacts in order to reduce their
negative results: (i) reduce the impact reaction forces on the joints
and (ii) reduce the tendency to separate the chaser from the target.
After each impact, the systems under impact are separated.
Then the chaser will reach again the target (due to the inertia of
the masses and their initial relative velocity) using (57) and another impact will occur. This can be repeated several times (Doh
et al., 2000), until the impacts are below a threshold where another control scheme (e.g. Impedance Control) can be used effectively. The proposed IC2 controller can be used for all these impacts in order to reduce their negative results: (i) reduce the impact reaction forces on the joints and (ii) reduce the tendency to
separate the chaser from the target.
As the impact is a process with fast dynamics, it is necessary to
have a high performance motor drive. For the same reason, it is

In this work, manipulators with revolute joints were assumed
as this is the most common type in space robotic applications. For
such manipulators, a number of guidelines for applying the developed methodology are given next.
First the case of free joints, or joints disengaged from their
actuators rendering them essentially free, is examined. The following guidelines apply:
a. An impact should occur as near as possible to the measured
CoP and at normal angle with respect to longitudinal axis
which is deﬁned by the RA (2D Case) or RP (3D Case) to the IP
(see Section 3). To this end, the robotic system must prepare
itself for the impact. The equations which describe the use of
CoP are summarised by (21), (32), (33) and (35).
b. The rotation of revolute joints should be such that the links
will be normal to each other at the moment of the impact, see
(11) and connected at their CoP, see (45) (assuming the latter
property is achievable).
c. To ﬁlter an impact in 2D systems, two revolute joints are
needed, while in the 3D case, three revolute joints are needed,
each corresponding to each component of the impact force.
d. In the presence of uncertainties, the conﬁguration with successive normal links and a normal impact angle gives the best
results, because this conﬁguration can gradually ﬁlter most
components of the impact force residues.
For joints engaged with actuators, the following guidelines
also should apply:
e. In case of an impact at a point different from the CoP, an additional torque, computed using (51)–(53), should be applied
to all rotational joints including the base.
f. In conjunction with guideline (e), the controller should apply
the necessary torque to cancel friction.

6. Simulation results
In this section, a number of interesting cases is studied by simulations. The results are based on the analysis presented. As the
earlier analysis has shown, the most interesting effects apply at a
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Fig. 10. Reaction forces on local coordinates after the impact on link 2: (a) at joint 2 with impact locations between 0.1 m and 1.0 m (b) at joint 2 with various angles of
impact occurring at the CoP of link 2, and (c) at joint 1 for various impact angles while the position of joint 2 is at the CoP of link 1.
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Fig. 11. Demonstration of the IC2 controller: (a) Reaction forces at joints 1 and 2 when the robot has free joints or uses IC2 and (b) Joint motor torques and base reaction
wheel torque for the case the IC2 is used.

speciﬁc plane. Therefore two general cases will be presented, i.e. a
planar space robot with free joints, and the same with actuated
joints. A 3D case is presented in a previous work (Paraskevas &
Papadopoulos, 2013).

6.1. Planar space robot with free joints
The simulations refer to the planar system shown in Fig. 9,
which consists of a thruster-equipped base, able to make x–y
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Fig. 12. Joint motor torques and base reaction wheel torque using IC2 for various IP’s.

translational planar and rotational motions, while the manipulator
joints are free. Table 1 displays the physical properties of the
system, including the position of CoP for the two rotational links.
The ﬁrst joint is located at (0.5 m, 0.5 m) from the centre of mass
of the robot base. Note that this does not affect the CoP behaviour,
only the motion of the base due to reaction forces.
Simulations were run by changing various parameters: (a) impact
position on link 2, (b) impact angle, (c) position of joint 2 on link
1 and (d) initial angles of joints q1 and q2. The impact duration is
0.01 s, and the magnitude is set equal to 1 kN. To make the comparison of impact conﬁgurations easier, forces were plotted instead of
impulses. Also, the plots present the force components on the local
coordinate frame of each joint, i.e. the normal component of the
impact force is parallel to the yi axis of the local CS of link {i}.
Fig. 10 presents the reaction forces after the impact on link 2:
(a) at joint 2 with impact locations between 0.1 m and 1.0 m (b) at
joint 2 with various angles of impact occurring at the CoP of link 2,
and (c) at joint 1 for various impact angles while the position of
joint 2 is at the CoP of link 1 (which is always normal to link 2). As
shown in Fig. 10a, the local reaction force is almost eliminated
when the impact acts at the CoP, whereas in Fig. 10b, the reaction
force is almost eliminated when the impact angle is normal to link
2. Note that after the impact the reaction forces may vary, however
this is solely due to the post-impact free motion and the consequent dynamic coupling between the bodies. Similarly in
Fig. 10c, the reaction force at joint 1 is almost zeroed when the
impact angle is 90°.
These results validate the use of the CoP notion in minimizing
the reaction impulses. More speciﬁcally it can be seen that when
the impact occurs at the CoP at a normal angle, the reactions
during the impact are minimized, thus the system has a smoother
behaviour. When the impact does not occur at the CoP and/or with
normal angle, there is always a residual reaction force propagating
to the next link and eventually to the robot base.
6.2. Planar space robot with actuated joints and IC2
To examine the performance of the IC2 controller, a set of simulations was run based on the planar robot of Fig. 9. Here, the

impact occurred at the end-effector at time t¼ 0.5 s with duration
0.1 s and magnitude 100 N. For the application of IC2, (51)–(53)
were used, and the friction compensation was assumed to be ideal
in order to examine the validity of the impact compensation part
of the controller.
During simulations, the robot has two links in a normal conﬁguration, i.e. q1 = − 90° and q2 = 90°. Joint 1 is located at the tip
of link 1, thus further away from the CoP, and the impact occurs at
various points of link 1, normal to the longitudinal axis of link 2, as
the guidelines suggest. As it can be seen in Fig. 11, where the
impact occurs at the tip of link 2, the use of the IC2 reduces the
reaction forces, without requiring large computational burden –
this is critical as it can be applied within the duration of the impact. However it is important that the impact occurs at an ideal
conﬁguration, i.e. links normal to each other, impact angle normal
to the link, impact point near the CoP, as it will reduce motor
torque requirements considerably. Otherwise, large deviations will
increase the force components that cannot be compensated for
(i.e. components parallel to the link longitudinal axis), or the
motor torques will reach saturation levels.
Finally Fig. 12 shows the required motor torques during impacts
at different IPs. As the IP is further away from the CoP with respect to
the CoM, the required torque direction is clockwise. As the IP is between the CoP and the CM, the torque changes sign, since it depends
on the direction of the impact force. It is interesting to note that near
the CoP, the torque is almost zero. It is not exactly zero, as the links
start to rotate and thus a small torque is applied.

7. Conclusion
In this work the use of the CoP concept during impacts on
space robots was presented. The theory of the CoP in 2D and 3D
was discussed in a non-dimensional context. The Coefﬁcient of
Impact Design, which relates system parameters to the location of
the impact point, was presented. This coefﬁcient is useful when
analysing the non-dimensional reaction impulse during an impact
conﬁguration. The effects of system parameters or impact conﬁguration errors, on the reaction forces was studied. The analysis
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concentrated on free rotating joints, however robotic joints are not
necessarily disengaged from their actuation. To this end a control
scheme was presented which compensates for the reaction forces
developed due to impacts at points other than the CoP. Observing
the proposed guidelines prior to and during the impact, the joint
reaction forces can be minimized effectively. Simulations validated
the developed analytical results.
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