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Abstract. - This paper attempts to set the basis for a system-

atic approach in designing legged robots. A dynamically 

stable quadruped robot running in the sagittal plane with a 

bounding gait is used, and a non-dimensional criterion that 

is based on the robot’s forward speed and the required 

power to sustain a passive motion, is introduced. Dimension-

less robot parameters ratios and desired motion variables 

are inputs to an optimization scheme that takes into consid-

eration findings from experimental biology and environ-

ment specifications. Basic design guidelines, which derive 

from simulation results, are provided.  

I. INTRODUCTION 

 number of quadruped robots, capable of dynami-
cally stable running, have been built, [1], [2], [3] 
and [4]. Their designers aim at operating them out-

side the laboratory in order to overcome the limitations of 
traditional wheeled and tracked vehicles. Despite the large 
number of publications on quadrupedal robot design, it is 
not evident that there is a systematic methodology behind 
the development of these robots. At best, biological data 
has been used to aid selection of the basic robot parame-
ters, such as leg stiffness and hip height.  

Our work is motivated by the need to have a design tool 
that would help the legged robot designer to choose 
among all the alternatives in terms of motion variables, 
system parameters, technology aspects, etc., so as to build 
the optimal quadruped robot depending on environment 
specifications. In this paper, we aim at setting the basis for 
such a systematic methodology, by guiding the designer to 
build a quadruped bounding robot that would minimize 
the power required to move along a passive trajectory for 
a given, normalized, speed. 

In our analysis, we choose the bounding gait mainly for 
two reasons. To date, Raibert’s quadruped is the fastest 
four-legged running machine built, capable of bounding at 
2.9 m/s, [4], but this machine has not surpass biologists’ 
predicted energy-saving galloping speed, [5]. Although 
bounding is found mainly in small, noncursorial animals, 
cursors may occasionally use it for locomotion over diffi-
cult terrain and for moderate-speed running, [6].  

Based on the fact that simplified models, [7], and pas-
sive dynamics, [3], have been already proved to be helpful 
in designing controllers that result in considerable energy 
savings, [8], we use an unactuated and conservative 
model, which encodes the target behavior of the system 
and reveals intrinsic system properties and aspects of 
quadrupedal bounding that are anticipated to be used as a 
tool for the optimal design of legged robots. To broaden 
our analysis and reveal the effect of scaling in choosing 
the optimal robot’s parameters based on the proposed di-

mensionless energy criterion, motion variables and ground 
parameters, dimensional analysis is employed to a simple 
model of quadrupedal running in the sagittal plane. 

The rest of the paper is organized as follows. A simple 
template that is used for quadrupedal running in plane is 
described in Section II. Section III presents a dimensional 
analysis of the system, while in Section IV the unactuated 
and conservative model of the system is discussed. The 
proposed energy criterion is introduced in Section V and 
results along with design guidelines follow in Section VI. 

II. SYSTEM MODELING 

The complexity of four legged animals and robots can be 
reduced to relatively simple models, that can then be used 
to analyze system’s behavior, by taking into account syn-
ergies, that is parts that work together in combined action 
or operation, and symmetries, that is the correspondence 
of parts on opposite sides of a plane through body, [7]. 
Such a simple model, which is commonly used to analyze 
the basic qualitative properties of quadrupedal running in 
the sagittal plane, is shown in Figure 1, while its associ-
ated parameters are given in Table 1. 
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Figure 1. Parameters of the template for quadrupedal bounding in plane. 

TABLE 1. VARIABLES AND INDICES USED 

x COM horizontal pos. hapex flight apex position 

y COM vertical pos. g acceleration of gravity 

 body pitch angle m body mass 

 leg absolute angle J body inertia 

 leg relative angle d hip joint to COM distance 

xbt back toe horizontal pos. f as index: front leg 

xft front toe horizontal pos. b as index: back leg 

l leg length g as index: ground variable 

lo leg rest length e specific resistance 

 torque delivered at hip j dimensionless inertia 

f axial force at leg r relative leg stiffness 

fc coulomb friction p dimensionless hip separation 

b damping coefficient Fr Froude number 

T cycle duration s time scale 
Ts stance duration * as superscript: dimensionless 

 
This planar model, which represents the lateral half of a 

quadruped, consists of a rigid body and two springy mas-
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sless legs, one attached to the body at the front and the 
other attached at the rear. Actuators control the orientation 
of each leg with respect to the body and the axial thrust 
delivered by each leg. Each modeled leg represents the 
back or the front leg pair, in which the two back or front 
legs are always in phase and it is called the virtual leg, [4]. 
Each virtual leg has twice the stiffness of the robot leg and 
includes friction modeling, as the sum of Coulomb and 
viscous friction. The torque delivered at the hip of each 
robot leg and the force delivered along each robot leg is 
equal to half the corresponding ones at the virtual leg. 

System dynamics are derived using a Lagrangian for-
mulation, with generalized coordinates Cartesian vari-
ables describing the center of mass (COM) position and 
the main body’s attitude. During flight, the robot is under 
the influence of gravity only. Throughout the stance 
phase, the robot’s toes are fixed on the ground, and act as 
lossless pivot joints. The dynamics for any phase may be 
derived from that of the double stance, by removing ap-
propriate terms. Hence, only the double stance dynamics 
is given, as a set of differential and algebraic equations, 
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where, 
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III. DIMENSIONAL ANALYSIS 

Dimensional analysis can be applied to all quantitative 
models and offers an efficient way to display complex 
data sets. Usually, it makes the subsequent analysis much 
more useful because the physical model, as first written, is 
rather general. The premise of dimensional analysis is that 
complete equations can be written in a form that is inde-
pendent of the choice of units. The consequence is that the 
variables that appear in a complete equation must appear 
in combinations that are dimensionless. Such dimension-
less variables are introduced as follows, 
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where s is the time scale of the system and derives from 
the fact that the variables that appear in a complete equa-
tion must appear in combinations that are dimensionless. 

By substituting (7) – (10) to the equations of motion, 
given by (1) – (6), one gets a dimensionless description of 
the system. The resulting motion of the COM can be char-
acterized by two distinct time scales s that represent the 
inverse of natural frequency of the vertical oscillation,  

 
  
s

2
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and the horizontal motion, respectively, 
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o
= 1 s = l

o
g .  (12) 

Selection of the latter as the time scale of the system, 
results to a number of dimensionless parameter groups, 
which are widely used by experimental biologists. These 
include (a) the Froude number Fr, [1], defined as 

 
 
Fr = v g l

o
 (13) 

where v is the robot forward speed, (b) the dimensionless 
inertia j, i.e. the robot’s body inertia normalized to md

2
, 

 
  
j = J md 2

 (14) 

and, (c) the leg relative stiffness r, [11], that is defined as 

 
 
r = k l

o
m g . (15) 

For offering this advantage, and because we are primar-
ily interested in the forward motion aspects, the time scale 
in (12) is selected to set the equations of motion dimen-
sionless. The following dimensionless parameters are also 
introduced. Firstly, the ratio of half of hip separation to leg 
rest length 

 
p , defined as, 

 
 
p = d l

o
 (16) 

and secondly, the dimensionless viscous friction coeffi-
cient b

*
, defined as 
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where  is the damping ratio. Force and torque variables 
are normalized as  
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The desired dimensionless description of the system re-
sults from substituting (7) – (10), (12) and (14) – (18) to 
(1) – (6) and it is presented next for the double stance 
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where, 
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Dynamically similar motions require that the dimen-
sionless parameters in (14) – (16) are equal for motions 
with the same and the same dimensionless motion vari-
ables, e.g., flight apex, body pitch angle and pitch rate.  

IV. PASSIVE DYNAMICS 

It is generally accepted that bounding is essentially a natu-
ral mode of the system, and that only minor control and 
energy efforts are required to maintain running. Practi-
cally, this motivated us to study the passive dynamics of 
the system. If the system stays close to its passive behav-
ior, then the actuators have less work to do to maintain the 
motion and energy efficiency is improved. Energy savings 
of 93% are reported, using passive running, in [8]. 

It is important to note that in this paper we use a con-
servative model that encodes the target behavior of the 
system and reveals intrinsic system properties and aspects 
of quadrupedal bounding that may be used as guidelines 
for the optimal design of legged robots. The passive and 
conservative model of our analysis is derived from (19) – 
(21) by eliminating actuation and energy dissipation terms 
and is given here for completeness, 
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In order to evaluate the performance of the above 
model, we focus on system periodic steady state trajecto-
ries, which are trajectories that repeat themselves after one 
cycle of locomotion. Following a similar procedure as in 
[3], we employ a Poincaré Map technique to formulate 
these trajectories. The return map maps the state at a par-
ticular event during locomotion to the same event at the 
next cycle. The apex height is chosen to be this particular 
event, because the vertical velocity is always zero there. 
Furthermore, the forward distance has no influence in the 
next cycle of locomotion. Thus, the state vector x

*
 at apex 

height consists only of apex height, body pitch angle, for-
ward speed and body pitch rate, 

 
    
x

*
= y

* *
x

* *
.  (31) 

The vector state at apex height constitutes the initial 
conditions for the cycle. Based on these, double flight 
equations (derived from (25) – (27) by removing terms not 
permanent to the phase) are integrated, until one of the 
touchdown events occurs, e.g., back leg or front leg 
stance. This event triggers the next phase, whose dynam-
ics are integrated using as initial conditions the final con-
ditions of the previous state. Depending on system con-
figuration, the next phase could be either double flight, 
i.e., bounding without double stance, or double stance. 

The limiting case of bounding with zero body pitch rate 
results to pronking, and the touchdown event is then the 
double stance followed by the double flight.  

Successive forward integration of the dynamic equa-
tions of all the phases yields the state vector of the next 
stride at apex height, which is the value of the Poincaré re-
turn map F. If the state vector at the new apex height is 
identical to the initial one, the cycle is repetitive and it is 
yields a fixed point. Mathematically, this is given as 
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= F x
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Existence of such fixed points seems to be the rule, rather 
than the exception.  

In order to determine the conditions required to result in 
steady state cyclic motions, we resort to numerical evalua-
tion of the return map using a Newton-Raphson method. 
By employing this method, a large number of fixed points 
can be found for different initial conditions and different 
touchdown angles, which although they are not part of the 
state vector and do not participate in the dynamics, they 
directly affect the value of the return map as they deter-
mine touchdown and liftoff events and impose constraints 
on the motion of robot during back leg, front leg and dou-
ble stance phases. 

Variant combinations of robot’s dimensionless parame-
ters, as defined in (14) – (16), also result to different fixed 
points. These design parameters vary between their ex-
treme values found either in experimental biology refer-
ences, [12] and [13], or imposed by common sense. Par-
ticularly, they range as follows 

 
  
j = 0.6 1.2, r = 10 30, p = 0.3 1.0  (33) 

V. ENERGETIC COST OF LOCOMOTION 

Following the previous assumptions, the robot executes a 
passive motion according to the sets of initial conditions 
found by employing the above-mentioned method that is 
in favor of its natural dynamics. In this case, no energy is 
lost or added to the system. This may sound unrealistic, 
but if one uses actuators just to compensate for the lost 
energy, and initial conditions that yield a passive trajec-
tory, then the robot will execute an active gait, very close 
to the passive gait and the system can be then studied as in 
the lossless case, which is described by (25) – (30).  

The only energy required then to sustain the motion is 
the amount dissipated over one stride,  E , which is the 
sum of the mechanical energy dissipated due to friction at 
legs Em, the kinetic energy lost in ground damping and 
compression at touchdown Eg and the electrical losses due 
to ohmic resistances at the motors Eel, 
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At length, the dimensionless mechanical energy losses 
due to leg friction are found using (35) to be 
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In addition to friction losses, energy losses due to inter-
action of robot’s legs with the ground exist. Particularly, 
the running robot dissipates some of its kinetic energy in 
ground damping and ground compression at touchdown. 
Ground spring and damper influence the robot only when 
the feet are in contact with the ground, i.e., vertical veloc-
ity is negative, while the acting direction of ground spring-
damper system is along the direction of robot’s interacting 
leg. Each time a foot touches the ground, the rest position 
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of the ground spring is reset to the point at which the foot 
first touches. The coefficient of friction between each foot 
and ground is assumed to be so large that slipping never 
occurs. Finally, for a wide yet reasonable range of damp-
ing and stiffness coefficients, the ground displacement 
(deformation) is negligible compared to leg length, and 
the integrated robot and ground motion equations can be 
approximated by (25) – (30) and (36) 
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while the ratio of dimensionless ground damping to spring 
coefficient is the dimensionless ground time constant 
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To this end, the dimensionless ground energy losses 
due to ground damping and ground permanent deforma-
tion for each leg are found using (38) to be 
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Electrical losses due to motor ohmic resistance also ex-
ist, but are not considered here due to lack of space. How-
ever, based on preliminary simulations, although they af-
fect the amount of dissipated energy, they do not change 
the optimal set of robot’s parameters as they are propor-
tional to the square of the mechanical and ground losses 
sum. Detailed results on their contribution will be reported 
in an upcoming paper. 

In our analysis, distance covered is the major considera-
tion. Therefore, as our criterion, we consider the energy 
cost for moving a unit distance. Since the rate of dissi-
pated energy per unit time is the required power P to sus-
tain the passive motion over one cycle, and since the rate 
of distance covered per unit time is the forward speed of 
locomotion v, and if the power cost for moving with unit 
speed is normalized to a robot’s weight mg, then a dimen-
sionless criterion, called specific resistance, [14], is de-
fined, 

 
  
e = P mg v( ).  (39) 

In such a case, robot parameters and/ or motion variables 
should be chosen so that the criterion in (39) is minimized. 

It is has been well shown that passive running is the 
most efficient type. Nevertheless, depending on the initial 
conditions, the characteristics of a passive gait, such as the 
stance duration and the energy dissipated, will vary. To 
analyze this effect in the dimensionless framework, we de-
fine a variation of e, using dimensionless parameters, as 
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v
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where P
*
 is the dimensionless required mean power, and 

v
*
 the dimensionless forward speed. Our work has shown 

that e
*
 varies for different gaits, and that the differences 

are considerable. Hence, it is necessary to evaluate the ef-
fect of each dimensionless parameter and/or of their ratios 
to the e

*
 and identify the set of parameters, for which the 

criterion in (40) is least. 
If an optimal set of robot parameters has been chosen 

for a given set of initial conditions and ground properties, 
and if say the ground properties change, then these pa-
rameters may require adjustment to maintain optimality. 
This is consistent with the policy chosen by animals, 
which they will adjust leg stiffness for running economi-
cally on different ground surfaces or at higher speeds, [9]. 
Therefore, a range of ground stiffnesses and damping 
properties are going to be used so as to determine their ef-

fect on the performance of the system, i.e., on the value of 
criterion in (40). 

VI. RESULTS, DISCUSSION AND DESIGN GUIDELINES 

In this section, the results of our analysis are presented 
and design guidelines are proposed. The results are ob-
tained by simulation and for a range of robot/ environment 
parameters. In each figure, the cost of locomotion, as de-
fined in (40), is plotted versus two dimensionless robot 
parameters or motion variables. The hollow stars denote 
the optimal value of the variable that lies in the horizontal 
axis for a given value of the variable in the vertical axis, 
while the filled star represents the global minimum of the 
criterion, i.e. the optimal set of robot parameters or motion 
variables, which yields a design guideline for a given ro-
bot, known ground specifications and a particular trajec-
tory. Each time the “non-participating” parameters are 
fairly changed so as to show that our results are not lim-
ited to a certain range of values.  

The profound effect of relative stiffness and pitch rate 
on dimensionless specific resistance for a given set of sys-
tem parameters and motion variables is shown in Figure 2. 
As shown in this figure, the effect of relative stiffness on 
mechanical (left) and ground (middle) specific resistance 
is competitive. Mechanical specific resistance is mini-
mized for the larger relative stiffness, while ground spe-
cific resistance takes its lowest value for the smaller one. 
For example, usage of soft springs, which result to rela-
tively smaller relative stiffness, will cause more leg com-
pression compared to harder ones causing excessive en-
ergy dissipation due to friction. But, the resulting forces 
that interact with the ground will be much smaller than the 
ones produced by harder leg springs resulting to minimal 
energy dissipation due to ground damping and compres-
sion. Still, this competitive effect ensures the existence of 
an optimal relative stiffness that minimizes the cost of lo-
comotion, (40), as illustrated in Figure 2 (right). 
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Figure 2. The effect of relative stiffness and pitch rate on mechanical 

(right), ground (middle) and overall (right) specific resistance. 

In Figure 2, it is also evident that mechanical (left) and 
ground (middle) specific resistance is a convex and con-
cave function of pitch rate, respectively, for given relative 
stiffness. This leads to the conclusion that the optimal 
pitch rate will be zero, as shown in Figure 2 (right). Thus, 
the most economical type of bounding is for the limiting 
case where the back and front leg pairs are in phase, i.e., 
pronking. 
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However, the optimal value of leg stiffness should be 
adjusted to ground stiffness for the robot to move in the 
most economically way all the time. This is concluded 
from Figure 3, where the effect of leg and ground relative 
stiffness on overall specific resistance is plotted for zero 
pitch rate, i.e., pronking. The relationship between them is 
linear, implying that one should not search for an optimal 
value of relative stiffness, but rather one should determine 
the optimal leg to ground stiffness ratio. This is also sup-
ported by experimental biology findings, [9], as animals 
adjust their leg stiffness for running economically on dif-
ferent ground surfaces. 
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Figure 3. The effect of leg and ground relative stiffness on overall spe-

cific resistance. 

Although not shown here due to lack of space, the 
shape of the geometric locus, along which the optimal set 
of leg and ground stiffness is moving, heavily depends on 
the dimensional viscous friction coefficient. For ground 
losses are independent of viscous friction, while mechani-
cal power losses are proportional to viscous friction coef-
ficient, the optimal leg to ground stiffness ratio set is mov-
ing to the right or left when b

*
 increases or decreases, re-

spectively. Yet, for a given robot, known ground and par-
ticular motion variables the optimal leg relative stiffness 
can be estimated with the aid of Figure 2 and Figure 3.  

Additionally, for every value of leg relative stiffness an 
optimal dimensionless forward speed exists. This is indi-
cated in Figure 4, where the effect of relative stiffness and 
Froude number on overall specific resistance is drawn.  
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Figure 4. The effect of relative stiffness and Froude number on overall 
specific resistance. 

Specifically, the optimal running speeds of the quadru-
ped lie along a steep line for a wide range of relative stiff-
ness values. This fact imposes that the robot could be de-
signed for a nominal forward speed, as selected with the 
aid of Figure 4, and operated close to its economical func-
tion for a sufficient variation of forward speeds. One may 
also notice that the range of optimal forward speed is be-
tween 1.5 and 2.4. In this range lies the Froude number 
that corresponds to the preferred bounding speed of many 
quadrupeds, [1]. Outside this range, these animals prefer 
to walk (for slower speeds) or gallop (for higher speeds).  

The existence of an optimal forward speed for given 
robot configuration and ground specifications is also con-
sistent with [15]. Although a one legged robot is studied in 
[15], the dynamics of the pronking quadruped is similar to 
those of one-leg hopper. In the end, [15] concludes that 
there exists a particular passive gait, of all those possible, 
i.e., an optimal touchdown angle, that leads to the least 
dissipated energy per meter of travel. This optimal touch-
down angle results to a particular (optimal) forward speed. 

In Figure 5, the effect of dimensionless hip separation 
and pitch rate on mechanical (left), ground (middle) and 
overall (right) specific resistance is presented. Forward 
speed is normalized to body length, according to (40). 
Two are the prominent conclusions drawn from this fig-
ure. Firstly, the optimal pitch rate for a given dimension-
less body length is zero. This strengthens the conclusion 
drawn preciously from Figure 2 (right), that pronking is 
the most economical type of bounding for a running robot 
in the sagittal plane. Secondly, mechanical, ground and 
overall specific resistance exhibit a global minimum 
value, which corresponds to different values of the dimen-
sionless hip separation though.  
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Figure 5. The effect of dimensionless body length and pitch rate on me-

chanical (right), ground (middle) and overall (right) specific resistance. 

This optimal value of the dimensionless hip separation 
that minimizes the cost of locomotion, Figure 5 (right), 
depends mostly on relative stiffness. Actually, there exists 
an optimal ratio between the two variables, which ensures 
that overall specific resistance is minimal. This is justified 
in Figure 6, where mechanical (right), ground (middle) 
and overall (right) specific resistance with respect to di-
mensionless body length and relative stiffness is plotted. 
Large values of relative stiffness result to small mechani-
cal specific resistance. Contrarily, ground specific resis-
tance is reduced for small values of the relative stiffness. 
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Furthermore, for given relative stiffness, the mechanical 
and ground specific resistance is rather a convex and con-
cave function of the dimensionless hip separation. All 
these justify the shape of the geometrical locus, Figure 6 
(right), along which the optimal set of relative stiffness 
and hip separation, which minimizes (40), is moving. 
With the aid of this figure, the optimal dimensionless 
body length may be determined for a given robot, known 
ground and provided that the optimal relative stiffness has 
been selected with the aid of Figure 2 and Figure 3. 
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Figure 6. The effect of dimensionless stiffness and body length on me-
chanical (right), ground (middle) and overall (right) specific resistance. 

Finally, the effect of dimensionless inertia and pitch 
rate on overall specific resistance is presented in Figure 7. 
Their effect is complex. For large, either negative or posi-
tive pitch rates, the overall specific resistance is reduced 
when the dimensionless inertia decreases. On the contrary, 
for pitch rates close to zero the overall specific resistance 
is almost constant up to j=1, while for even larger values, 
the overall specific resistance is reduced. Surprisingly the 
global minimum values are found for small pitch rates, 
round -7.5 and 7.5, and for the larger value of dimension-
less inertia (j=1.2). Nevertheless, the effect of dimension-
less inertia is not significant to the overall specific resis-
tance, for small pitch rates, so perhaps other criteria 
should guide the designer to select its value, such as sta-
bility, control aspects and/ or design simplification. 
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Figure 7. The effect of dimensionless inertia and pitch rate on overall 

specific resistance. 

CONSLUSIONS 

In this paper, we set the basis for a systematic approach in 
designing low-consumption legged robots. An unactuated 
and conservative model of a dynamically stable quadruped 
robot running in the sagittal plane with a bounding gait 
was parametrically analyzed, so as to reveal the effect of 
scaling, intrinsic system properties, and aspects of quad-
rupedal running. A dimensionless criterion, based on the 
robot forward speed and the required power for passive 
motion, was introduced. Taking into account ground 
specification, system parameters and motion variables 
were selected so as to minimize the cost of locomotion. 
The proposed approach can guide a designer to build an 
energy per distance optimal quadruped bounding robot by 
parametrically encoding its energetic behavior and follow-
ing the presented methodology and guidelines. 

In the future, we are planning to include electrical 
losses and examine the effect of ground inclines on the lo-
comotion cost. Other gaits, different types of legs, e.g., 
two segment legs with compliant knees, and body asym-
metry will also be investigated. The effect of scaling on 
self-stabilization for facilitating simple controllers is our 
last target. Ultimately, it is hoped that we will be able to 
answer the question regarding which design is “globally” 
optimal be having only minimal specifications. 
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