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Abstract

Space manipulators mounted on a on-o� thruster-
controlled base are envisioned to assist in the assem-
bly and maintenance of space structures. When han-
dling large payloads, manipulator joint and link ex-
ibility become important, for it can result in payload-
attitude controller fuel-replenishing dynamic interac-
tions. In this paper, the dynamic behavior of a exible-
joint manipulator on a free-ying base is approximated
by a single-mode mechanical system, while its parame-
ters are matched with available space-manipulator data.
Describing functions are used to predict the dynamic
performance of three alternative controller/estimator
schemes, and to conduct a parametric study on the in-
uence of key system parameters. Design guidelines
and a particular state-estimator are suggested that can
minimize such undesirable dynamic interactions as well
as thruster fuel consumption.

1 Introduction

Robotic devices in orbit will play an important role
in space exploration and exploitation. The mobility of
such devices can be enhanced by mounting them on
free-ying bases, controlled by on-o� thrusters. Such
robots introduce a host of dynamic and control prob-
lems not found in terrestrial applications. When han-
dling large payloads, manipulator joint or structural
exibility becomes important and can result in payload-
attitude controller fuel-replenishing dynamic interac-
tions. Such interactions may lead to control system
instabilities, or manifest themselves as limit cycles [1].

A common approach to the design of thruster-based
control systems is to consider single-axis, rigid-body
motion, and to de�ne a thruster switching logic using
phase-plane techniques. As reported in [2], consider-
able research e�ort has been devoted on the attitude
control problem of a exible spacecraft using continuous
control laws, and more recently, using on-o� thrusters
[3, 4, 5, 6]. All these methods assume knowledge of
precomputed approximate or exact spacecraft exible
modes and frequencies. However, for a space robotic
system, or for a multitask servicer such as the Space
Shuttle, natural frequencies are continuously changing
with manipulator con�guration and payload. There-
fore, these control methods cannot be directly imple-
mented in space robotic systems.

The CANADARM-Space Shuttle system is the only
operational space robotic system. Its exible modes

can have rather low frequencies that can be excited by
Reaction Control System (RCS) activity. The perfor-
mance degradation of the RCS due to the deployment
of a exible payload, with or without the CANADARM,
was studied in [7]. After conducting extensive simula-
tions, it was concluded that the judicious selection of
control parameter values and careful operational pro-
cedures, based on a knowledge of payload structural
characteristics, reduces dynamic interactions. The de-
scribing function method was used to analyze the prob-
lem of payload deployment by means of a tilt table [8].
Stability maps were obtained and compared to simula-
tion results to validate the describing function analy-
sis. A new design for the RCS was developed to reduce
the impact of large measurement uncertainties in the
rate signal during attitude control, as reported in [9].
The performance of the RCS is increased signi�cantly
for rigid-body motion. However, the exibility problem
was not addressed, and it is only mentioned that the
likelihood of causing structural problems diminishes by
reducing the number of required �ring [9]. Currently,
the method for resolving these problems consists of per-
forming extensive simulations. If dynamic interactions
occur, corrective actions are taken, which would include
adjusting the RCS parameter values, or simply chang-
ing the operational procedures [7, 8]. The consequences
of such interactions can be problematic, since fuel is an
unavailable resource in space; hence, classical attitude
controllers must be improved to reduce the possibility
of such dynamic interactions.

In this work, these dynamic interactions were mod-
eled using simple models, aiming at obtaining an un-
derstanding of the relative signi�cance of system pa-
rameters. This understanding is of great importance to
our main objective, which is to develop control meth-
ods that are intended to reduce the undesired e�ects
of these dynamic interactions. In this paper, a sin-
gle mode mechanical system is used to approximate
the dynamic behavior of a two-exible-joint manipu-
lator mounted on a three-DOF base. Three alternative
controller/estimator models are developed, and the de-
scribing function technique is used to conduct a para-
metric study on the inuence of key system parameters.
A particular state-estimator model and design guide-
lines are suggested that can minimize such undesirable
dynamic interactions as well as thruster fuel consump-
tion. An example and typical simulation results are also
presented.
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2 Modeling

The dynamics model of a two-exible-joint planar
manipulator mounted on a free-oating base was devel-
oped using a Lagrangian formulation under the assump-
tion that all link and joint exibilities are lumped at the
joints [10]. This is reasonable, since joint exibility is
more signi�cant than link exibility in this kind of sys-
tem. Each exible joint is modeled as a torsional spring
in parallel to a torsional dashpot. Using linearization
techniques, the natural frequency expressions for this
system were obtained as a function of the con�guration
of the manipulator, [10].

However, the dynamics of a simple two-exible-joint
planar manipulator is rather complicated; it is prefer-
able to employ a simpli�ed model to analyze the prob-
lem stated in Section 1. We can replace the manipu-
lator of Fig. 2(a) with an equivalent two-mass-spring-
dashpot system, as shown in Fig. 2(b). By a proper
selection of the spring sti�ness k and the damping coef-
�cient c, the resonant frequency of the simpli�ed system
can be matched to the �rst one of the original system.
Therefore, a similar relative motion of the payload with
respect to the base can be obtained.

Fig. 1. Flexiblemanipulator replaced by a spring
and a dashpot: (a) Two-link manipulator on a
oating base; (b) Simpli�ed two-mass system.

The equations of motion for the system shown in
Fig. 2(b) can be readily derived as

M1�y1 + c( _y1 � _y2) + k(y1 � y2) = f(t) (1a)

M2�y2 � c( _y1 � _y2) � k(y1 � y2) = 0 ; (1b)

where M1 is the mass of the base, M2 the mass of the
payload, y1 the position of the base, y2 the position
of the payload, k the spring sti�ness, c the damping
coe�cient, f(t) = Bu, with B the magnitude of the
force developed by the thrusters, and u is the command
of the thrusters, either +1, 0 or �1.

The overall motion of the system can be decom-
posed into a rigid-body motion of the system CM, and
a exible-body motion around the center of mass, de�n-
ing the resonant frequency !n, the damping ratio �, and
the reduced mass � as

!n =

s
k

�
; � =

c

2
p
�k

; � =
M1M2

M1 +M2

: (2)

From Eq.(2), we obtain the system sti�ness k and
damping coe�cient c, as

k = �!2n; c = 2��!n : (3)

Therefore, using Eq.(3), k and c can be chosen to
match a speci�c resonant frequency !n and a damping
ratio � for given masses M1 and M2.

In order to write the system equations (1) in state-
space form, we de�ne: x1 = y1, x2 = _y1, x3 = y2 and
x4 = _y2. Making use of Eqs.(2) and (3), and de�ning
the state vector as x = [x1; x2; x3; x4]

T , Eqs.(1) are
written as

_x = Ax+ bu (4a)

where
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2
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(4b)
and

b = [ 0 a0 0 0 ]
T

: (4c)

The available acceleration of the base a0 and the
mass ratio � are given by

a0 = B=M1; � =M2=M1 : (5)

The required outputs are either y1, or y1 and _y1, and
are obtained using

y = y1 = cTx = [ 1 0 0 0 ]
T
x (6a)

y = [ y1 _y1 ]T = Cx =

�
1 0 0 0
0 1 0 0

�
x: (6b)

3 Control

The technology currently available does not allow
the use of proportional thruster valves in space, and
thus, the classical PD and PID control laws cannot be
used. Therefore, spacecraft attitude and position are
controlled by the use of on-o� thruster valves, that in-
troduce nonlinearities.

The usual scheme to control a spacecraft with on-o�
thrusters is by the use of the error phase plane, de�ned
as having the spacecraft attitude error e and error rate _e
as coordinates. The on-and-o� switching is determined
by switching lines in the phase plane and can become
complex, as for example the phase plane controller of
the Space Shuttle [7]. To simplify the switching logic,
two switching lines with equations e + � _e = �� have
been used, see Fig. 3. The deadband limits [��, �]
are determined by attitude limit requirements, while
the slope of the switching lines, by the desired rate of
convergence towards the equilibrium and by the rate
limits. This switching logic can be represented as a
relay with a deadband, where the input is e + � _e, the
left-hand side of the switching-line equations, see Fig. 3.

To compute the input to the controller, the position
and the velocity of the system base are required. Using
current space technology, both states can be obtained
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Fig. 2. Switching logic in the error phase plane.

Fig. 3. Controller block.

by sensor readings. However, it can happen that only
the attitude is available and then, the velocity must
be estimated. In this paper, three cases are consid-
ered. For Case 1, we assume that both signals are avail-
able and are simply �ltered to eliminate high frequency
noise. To this end, second-order �lters are used, repre-
sented by the transfer function Gf (s), namely,

Gf (s) =
!2f

s2 + 2�f!fs + !2
f

(7)

The cuto� frequency !f must be chosen to �lter high
frequencies such that it does not slow down the response
of the system by reducing its bandwidth. Since the ex-
act frequency content of noise is not known, we use !f
as a parameter in our study to examine its inuence on
system performance. The damping term �f in Eq.(7) is
chosen to be 0.707, which gives good performance, since
it is relatively fast, with zero resonant peak. The com-
plete model required for analysis is obtained by group-
ing the blocks for the controller, the plant and the state
estimator, as displayed in Fig. 3. For cases 2 and 3, we
assume that only the position is available from sensors,
and, to obtain the velocity, we use two di�erent state
estimators.

In Case 2, a controller-plant-estimator con�guration
similar to the one used on the Space Shuttle is em-
ployed, see also [7, 8]. A di�erentiator combined with
a second-order �lter is used to obtain a velocity esti-
mate, see Fig. 3. The di�erentiation of a noisy signal
is usually not recommended because it ampli�es noise.
However, in this case, it is possible to use a scheme
where only the exible part of the motion needs to be
di�erentiated. This means that, at the limit, for a rigid
system, no di�erentiation is necessary. This state esti-

Fig. 4. Case 1: model with position and velocity
�lters.

mator can give very good results when exibility is low.
The di�erentiator-�lter is given by sGse(s) where

Gse(s) =
!2se

s2 + 2�se!ses+ !2se
(8)

The position feedback is also low-pass-�ltered according
to Eq.(7), with �f = 0:707 and !f free to vary. The
cuto� frequency for the di�erentiator-�lter is chosen as
!se = 0:2513 rad/s and the damping ratio as �se =
0:707. These values correspond to the ones used on the
Space Shuttle, see [7, 8].

Fig. 5. Case 2: model with a velocity estimator
and a position �lter.

For Case 3, an asymptotic state observer is used to
obtain an estimate for the position and the velocity
from a position measurement [11]. The con�guration
corresponding to this case is depicted in Fig. 3. The
observer gain k is computed such that two poles of the
error state equations are placed on the negative real axis
of the real-imaginary plane, at the chosen frequency
!f , while the other two are placed symmetrically about
the negative real axis at the same frequency, but with
�f = 0:707.

In all three cases, a time delay � has been included to
account for the delay between the time a sensor reads a
measurement, and the time this measurement is used.
Since this delay is more signi�cant than the delay of
turning on or o� the thrusters, only a sensor time delay
is included.

4 Frequency Domain Analysis

Since the attitude controller assumes use of on-o�
thrusters, which are nonlinear devices, the system can-
not be adequately analyzed through the application of
linear analysis methods. This problem is tackled using
the describing function method which can predict the
existence of limit cycles in nonlinear systems [12, 13].

Fig. 6. Case 3: model with an asymptotic state
estimator.
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In order to use this method, a system must be par-
titioned in a linear and a nonlinear part. Then, it is
transformed into the con�guration in Fig. 4. G(j!) is
the frequency response of all the linear elements in the
system and N (A;!) is the describing function of the
nonlinearity which is tabulated in many books, see for
example [13]. For the three cases described in the pre-
vious section, it is always possible to reduce the block
diagrams in the con�guration of Fig. 4.

Fig. 7. A feedback system with its nonlinear part
replaced by a corresponding describing function.

The characteristic equation of the system depicted
in Fig. 4 can be written as

G(j!) = � 1

N (A;!)
: (9)

The reader is refered to [12] and [13] for a detailed
description of the method. In summary, if a given set
of A and ! is a solution of Eq.(9), then the system ex-
hibits a limit cycle of amplitude A and frequency !. If
the above equation has no solution, then the nonlinear
system has no limit cycle. A convenient way to solve
Eq.(9) consists of plotting both sides of the equation in
the complex plane by varying A and !, and observing
whether the two curves intersect or not. An intersec-
tion point will provide the corresponding values of A
and !. Furthermore, one has to investigate the sta-
bility properties of the limit cycle and the general be-
havior of the system [13]. For example, Fig. 4 depicts
three typical describing function plots encountered in
this work, where the describing function N of the relay
is a function of the gain A only. Figure 4(a) is typical of
an unstable system where the motion diverges, none of
the intersection points representing a stable limit cycle.
Figure 4(b) depicts a system that sustains a limit cycle
of amplitude A and frequency ! due to the dynamic in-
teractions. Finally, Fig.4(c) shows a stable case where
the motion reaches a small unavoidable limit cycle.

Figures 4(a) and (b) both correspond in high thruster
activity. This behavior is not desirable in space mis-
sions, and should therefore be classi�ed as unstable. In
this paper, to draw stability conclusions, the following
de�nition based on the rate of fuel consumption of the
system is used.
Stability De�nition

1. Unstable system. Describes either a system
where the motion diverges, or a system where the
motion reaches a limit cycle that is not contained
inside the switching lines as for a rigid body limit
cycle, resulting in a large rate of fuel consumption;

2. Stable system. Describes a system where the mo-
tion reaches an unavoidable limit cycle similar to
a rigid body limit cycle, thus being contained be-
tween the switching lines, and resulting in a near-
zero rate of fuel consumption as for a rigid system.
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Fig. 8. Typical describing function plots: (a) Un-
stable system; (b) Limit cycling system; and (c)
Stable system.

5 Parametric Studies and Results

Using the describing function method, a parametric
study was undertaken to investigate the signi�cance of
key system parameters. The three cases presented in
Section 3 are analyzed using the �xed parameter values
of Table 5, and the range of parameter values of Table 5,
both being based on available space manipulator data
[10].

The frequency expressions for a planar two-exible-
joint manipulator derived in [10] where used to obtain
the natural frequencies of the system in any con�gu-
ration. The approximate system natural frequency !n
is set equal to the �rst natural frequency of the two-
exible-joint manipulator system. Then, the range of
!n, for the range of � and the speci�c con�gurations
q1 and q3 used in the parametric study, are given in
Table 5, where the ratio of the highest frequency to the
lowest one is 5 to 1.

The results of the parametric study for Case 2 are
illustrated with the use of stability maps, as those de-
picted in Fig. 5. Figure 5(a) shows the stability bound-
ary for di�erent cuto� frequencies !f of the second-

Table 1. Fixed-parameter values.

q1 � � (s) !se (rad/s) �f �se
135� 0.05 0.1 0.2513 0.707 0.707

Table 2. Free-parameter values.

� 0:01 � � � 0:3
� (s) 0:1 � � � 10

a0 (m=s
2
) 0:0002 � a0 � 0:02

� (m) 0:001 � � � 0:1
q3 �135�; �90�; �45�; 0�

!f (rad/s) 0:2513 � !f � 4
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Table 3. Evaluation of the natural frequency !n

(Hz) for q1 = 135�.

� \ q3 �135� �90� �45� 0�

0.01 0.255 0.170 0.136 0.127
0.05 0.128 0.090 0.075 0.071
0.1 0.097 0.072 0.062 0.059
0.15 0.083 0.065 0.057 0.054
0.2 0.076 0.061 0.054 0.052
0.25 0.071 0.058 0.052 0.050
0.3 0.067 0.056 0.051 0.049

order �lter Gf (s) given by Eq.(7). The region below
such boundary represents a zone where the system is
stable, while the region above corresponds to a zone
of instability. As shown in the same �gure, the stabil-
ity zone can be increased by increasing the cuto� fre-
quency !f . Analyzing the graphs in Fig. 5 in a similar
way, guidelines for the design of attitude control sys-
tems when exibility is a major concern, are obtained
as follows

1. The cuto� frequency !f for the �lters should be
chosen as large as possible to avoid instability;

2. The velocity gain � should be chosen as large as
possible to avoid instability;

3. The acceleration of the base a0 should be kept
small for stability. Unstable types of behavior are
more likely to occur for large a0. However, one
must be careful because the system can be unstable
for a very low acceleration level, i.e., a0 = 0:0002
m/s2;

4. Deadband limits � should be chosen as large as
possible to avoid instability.

The upper limits of these parameters are set by design
requirements or available hardware.

ω
f
=0.47 (rad/s)

a =.01
0

m/s2

δ=0.01m

-0.05

0

0.05

0.1

0.15

0.2

0.25

0.3

0.35

-140 - - -80 -60 - - 0 20

ω
 f
=0.2513 (rad/s)

ω
f
=0.47 (rad/s)

ω
f
=0.6911 (rad/s)

β

q
3
 (deg)

NOTE: always stable for
             ωf   1 rad/s

UNSTABLE

STABLE

≥

(a)

-0.05

0

0.05

0.1

0.15

0.2

0.25

0.3

0.35

-140 -120 -100 -80 -60 -40 -20 0 20

a =.0002
a =.001

a =.01, .02

β

q
3
 (deg)

STABLE

UNSTABLE

(b)

-0.05

0

0.05

0.1

0.15

0.2

0.25

0.3

0.35

-140 -120 -100 -80 -60 -40 -20 0 2

λ  2 s
λ=3s
λ=4s

β

q
3
 (deg)

STABLE

UNSTABLE

NOTE: always stable for
             λ    5 s≥

≤

0

(c)

-0.05

0

0.05

0.1

0.15

0.2

0.25

0.3

0.35

-140 -120 -100 -80 -60 -40 -20 0 20

δ=0.001, 0.01 m
δ=0.05 m
δ=0.1 m

β

q
3
 (deg)

STABLE

UNSTABLE

(d)

0
0

0 m/s2

m/s 2

m/s 2

a =.0020 m/s 2a =.010 m/s2

δ=0.01 m

λ=3 s ω
f
=0.47 (rad/s)

δ=0.01m
λ=3s

ω
f
=0.47 (rad/s)

λ=3 s
a =.010 m/s 2

2040100120

Fig. 9. Describing function stability maps for
Case 2 showing: (a) the e�ect of the cuto� fre-
quency !f ; (b) the e�ect of the base accelera-
tion a0; (c) the e�ect of the velocity gain �; and
(d) the e�ect of the deadband limit �.

The same conclusions are drawn when Case 1 is an-
alyzed. However, in general, the performance of that
case is worse than that for Case 2. To demonstrate
this, the system con�guration for Case 1 (Fig. 3) with
parameters given in Tables 5 and 5, was used. Simu-
lation results for an initial error of 0.05 m are shown
in Fig. 5. Figures 5(b) and (c) show that thrusters
are �ring continuously, resulting in a high total fuel
consumption of 486.7 fuel units, and a large rate of
fuel consumption. Therefore, the system is classi�ed
as unstable. Moreover, the phase-plane trajectories in
Fig. 5(a), show that a large limit cycle is reached due
to the dynamic interactions.
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Fig. 10. Simulation results using the Case 1
model: (a) Spacecraft error phase plane;
(b) Thruster command history; and (c) Fuel
consumption.

If the model of Case 2 is simulated with the same pa-
rameter values, the results of Fig. 5 are obtained. Ex-
amining Figs. 5(b) and (c), we observe that thrusters
are �ring continuously, and that the total fuel consump-
tion is quite high, namely, 155.2 fuel units. According
to our stability de�nition, we can also conclude that
the system is unstable. The same conclusion is reached
with the describing function method, see Fig. 5(c) for
� = 3 s. Thus, the results corresponding to Cases 1 and
2 are both unstable, but the performance of Case 1 is
worse than that for Case 2, since the fuel consumption
is higher.

On the other hand, using the system con�guration
of Case 3, see Fig. 3, with the same parameters, pro-
vides very interesting results, as shown in Fig. 5. From
Figs. 5(a) and (b), it can be seen that a limit cycle con-
tained between the switching lines is reached, resulting
in a stable system. One can note that the motion ap-
pears to be concentrated at the right side of Fig. 5(b)
in a spiral motion due to the relative motion between
the two masses, that damps out. Figs. 5(c) and (d) are

Table 4. Free-parameter values used for simula-
tions.

� � (s) a0 (m=s2) � (m) !n (rad=s) !f (rad=s)

.3 3 0.01 0.01 2�(0:049) 0.47

5



−0.04 −0.02 0 0.02 0.04
−0.015

−0.01

−0.005

0

0.005

0.01

(a)

e (m)

ed
 (

m
/s

)

0 100 200 300 400
−1.5

−1

−0.5

0

0.5

1

(b)

Time (s)

u

0 100 200 300 400
0

100

200

300

400

500
(c)

Time (s)

F
ue

l u
ni

ts

155.2

Fig. 11. Simulation results using the Case 2
model: (a) Spacecraft error phase plane;
(b) Thruster command history; and (c) Fuel
consumption.

also typical of a stable system, since the thrusters are
not �ring continuously and the fuel-consumption curve
is at, thereby resulting in a near-zero rate of fuel con-
sumption, similar to that for a rigid body system. In
this case, the total fuel consumption is very small; 6.6
fuel units only. Therefore, it is observed that the use of
the proposed state estimator increases the performance
of the control system signi�cantly, and extends the sys-
tem's operational life. In addition, using the describing
function method, it can be shown that this estimator
results in a system that is almost always stable for the
whole range of parameters, resulting in signi�cantly in-
creased stability margins in comparison to Cases 1 and
2. Using simulation, it was shown that the performance
of this estimator remains very good in the presence of
noise and model uncertainties [10].
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Fig. 12. Simulation results using the Case 3
model: (a) Spacecraft error phase plane;
(b) Spacecraft error phase plane (zoom);
(c) Thruster command history; and (d) Fuel
consumption.

6 Conclusion

This work examined possible dynamic interactions
between the attitude controller of a spacecraft and the
exible modes of a space manipulator mounted on it. A
simpli�ed model for the plant was used to analyze three
di�erent control/estimation schemes using the describ-
ing function method. The resonant frequency of this
system is obtained by analyzing a planar two-exible-
joint manipulator mounted on a three-DOF spacecraft.
Guidelines in the design of such systems resulted. This
study also showed that the use of an asymptotic state
estimator improves signi�cantly the stability and the
performance of the system.
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