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Abstract 

This work focuses on the development of a real-time training simulator engine for a forestry machine. The rigid 
body dynamics of the machine’s manipulator is integrated with electrohydraulic actuator dynamics and joint control-
lers. System numerical stiffness introduced by the closing valves, high order hydraulic dynamics, and simulator im-
plementation using an interpreted language were identified as the prime reasons for slowing down the integration. 
Successive models of lower complexity and switching between models for the open and closed phases of the valves 
are proposed aiming to achieve a satisfactory simulator engine that can run in real-time. Simulation results demon-
strate very good prediction of an actual machine behaviour with execution speeds improved by a factor of 35. 
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1 Introduction 

Forestry is Canada’s most important industry in 
terms of people employed and contribution to the 
economy (Courteau, 1994). Increased competition 
from overseas and strict environmental laws require 
that forestry resources are harvested more efficiently 
and more carefully than previously done. This compe-
tition requires improved forestry equipment, for ex-
ample lightweight and efficient machines with more 
user-friendly controls and self-diagnostics, and ma-
chine operators who can be trained more quickly and 
at a lower cost (Freedman et al, 1995). Such training 
can be greatly facilitated by the use of machine 
graphical simulators. 

Presently, forestry machine training relies on the 
use of actual and expensive machines (Freedman et al, 
1997). This dependence decreases training efficiency, 
and increases the cost due to trainee-induced machine 
breakdowns. The availability of an inexpensive simu-
lator can increase the throughput, and prepare the 
trainees sufficiently well before working with an ac-
tual machine. Although aviation simulators have ex-
isted for long time, it is only in recent years that simu-
lators in the areas of medicine (Ruspini, 2000), space 
(Piedboeuf, 1999), underwater robotics (Choi, 2001), 

nuclear industry (Mort et al, 1997), or heavy machines 
(Lawrence et al, 1993; Yoneda et al, 1997) have ap-
peared. 

The need to reduce the cost of simulators results in 
dynamic plant simplifications that usually deteriorate 
the realism and effectiveness of a training simulator. 
For example, simulators for forestry machines are 
based usually on manipulator kinematics. To improve 
the simulation quality to some extent the realism, the 
rigid body dynamics, the rigid body dynamics that 
describes the pendulum motion of a harvester head is 
taken into account (Freedman, 1999). The coupled 
manipulator rigid-body dynamics and electrohydraulic 
actuator dynamics are still ignored. 

The work described in this paper is concerned with 
the development of a real-time simulator for a har-
vester, i.e., a forestry machine that fells and processes 
trees, see Fig.1. In order to perform this task, one first 
needs to model the machine and its manipulator both 
kinetically and dynamically, and to obtain key pa-
rameters (Papadopoulos and Sarkar, 1997; 
Papadopoulos et al, 1997). However, the derived 
models tend to be very complicated and hard to 
implement on a real-time basis. Therefore, additional 
simplifications and techniques are required to achieve 
this goal. 
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In this study, methods that enable simulation of an 
electro-hydraulically actuated mechanical manipulator 
in real time are proposed. The manipulator rigid body 
equations of motion are integrated into the Linear 
Graph-based state equations that describe the dynam-
ics of the electrohydraulic actuators, and a complete 
model of the actuation system is developed that can 
produce both forward and backward joint motions. 
The same controller that is used on the actual experi-
mental forestry machine in Fig. 1, is also integrated 
with the system dynamics to generate valve control 
voltages. Numerical stiffness and state discontinuity 
problems related to valve closure/opening are de-
scribed and solutions are proposed. To accelerate 
simulation execution, a reduced model of the electro-
hydraulic actuators is proposed. The fluid line dynam-
ics is eliminated and the hydraulic actuation system is 
modelled as a purely resistive network. Continuity of 
state variables is ensured. The response of full and 
reduced models are compared and found to be in ex-
cellent agreement. More importantly, the methods 
presented here indicate that a real-time implementa-
tion of a simulator is possible. 
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Fig. 1: The experimental forestry machine 

2 Dynamics & Control Simulator En-
gine 

A satisfactory dynamic simulator of a hydrauli-
cally actuated forestry machine, requires an accurate 
model of its rigid body dynamics, hydraulic actuation 
subsystem, and its control algorithm. Preliminary 
models of the manipulator and actuation subsystems 
were introduced in previous works (Papadopoulos and 
Sarkar, 1997; Papadopoulos et al, 1997). The parame-
ters for those models were determined experimentally 
(Papadopoulos et al, 1997). The subsystem models 
were interfaced to result in dynamic models describing 
the behaviour of the full-system to open-loop com-

mands. However, from the point of view of simulator 
design, these models were subject to some limitations. 
The modelling process that was employed is briefly 
addressed next. 

a. Hydraulic Actuation System Modelling 
The manipulator hydraulic actuation subsystem ac-

tivates three degrees-of-freedom (dof) which corre-
spond to the swing, stick, and boom motions, see 
Fig.1. Each subsystem model takes into account the 
pump (a variable displacement pressure), the transmis-
sion lines (hoses), a proportional valve, and a cylinder 
or a hydraulic motor, depending on the actuation sub-
system. Small losses due to filters or other hydraulic 
components are lumped with valve losses. 
The models were developed using Linear Graph 
methodology (Rowell and Wormley, 1997). This 
methodology allows the systematic generation of sys-
tem state-space equations of uni-dimensional lumped 
systems that may span various energy domains such as 
mechanical, electrical, fluid, etc. The methodology's 
name is derived from the fact that all basic elements 
are represented by directed linear segments. Despite 
its name, the methodology works well with nonlinear 
elements. 

The topology of a system linear graph follows the 
topology of the real system that it describes. This is in 
contrast to Bond Graphs which represent the flow of 
energy in a multi-domain system (Rosenberg and Kar-
nopp, 1983). The form of the linear graph of an elec-
tric circuit is basically the circuit itself, where each 
resistor, capacitor and inductor is replaced by a di-
rected linear segment, whose direction shows the as-
sumed positive current direction, while its terminals 
are connected to graph nodes that correspond to circuit 
nodes. In contrast to this, the Bond Graph of a circuit 
does not resemble at all the circuit itself. 

Linear Graphs employ power variables, i.e. vari-
ables that their product gives power. These are divided 
in Across and Through variables. Across variables 
include those variables that are measured across two 
terminals or points and include voltages, velocities, 
pressures, temperatures, etc. Through variables in-
clude those variables that are measured by some me-
dium interruption and include currents, forces, flows, 
heat, etc. A Linear Graph transformer is an element 
that converts an across variable in one domain to an 
across in another domain, while a gyrator converts it 
to a through variable. For example, a hydraulic cylin-
der converts pressure (across) to a force (through) and 
therefore is a gyrator. Due to these definitions, devices 
represented by a gyrator in Linear Graphs may be rep-
resented by a transformer in Bond Graphs. 

Once a system linear graph is constructed, a mini-
mum set of independent state equations is derived 
systematically. To this end, one uses three sets of 
equations, namely the elemental equations describing 
the element function (i.e. Ohm's law), and the com-
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patibility and continuity equations (i.e. Kirchoff's 
laws) (Rowell and Wormley, 1997). 

In hydraulic systems, graph nodes correspond to 
distinct pressures in a hydraulic circuit. Elemental 
equations describe the relationship between pressure 
and flow for the elementary hydraulic elements such 
as the inertial, capacitor, and resistive element denoted 
by I, C, and R, respectively. Compatibility equations 
result in pressure drop equations along a closed hy-
draulic circuit, while continuity equations result in 
flow continuity at system nodes or system closed sur-
faces. 

To illustrate the methodology employed, the model 
for the swing actuation subsystem is described in 
some detail. This includes a constant pressure power 
supply, modelled as a source of pressure, transmission 
lines, modelled as an inertance, a resistance and a ca-
pacitance connected in a T configuration, a valve, 
modelled as a nonlinear resistance modulated by an 
input voltage or current to the valve torque motor, and 
a motor, modelled by a gyrator. The motor also in-
cludes internal and external leakages. More details 
about the choice of these elements and their intercon-
nections can be found in (Papadopoulos et al, 1997). 

Figure 2 shows the corresponding linear graph. The 
nodes a, b, c, etc. correspond to hydraulic circuit 
points with distinct pressure. Node d is the reference 
node, assumed to be at zero bar. Node c is at pump 
pressure. The line is modelled by a capacitance C1, an 
inertance I1 and a resistance R1. Index 1 corresponds to 
the forward line, while index 2 corresponds to the re-
turn line. Node a corresponds to the pressure of some 
intermediary hose point. The proportional valve is 
represented by two variable nonlinear resistances, in-
dicated by CR1 and CR2. Nodes e and f correspond to 
the inlet and outlet ports of the hydraulic motor. The 
resistances Rin, Re1, Re2 correspond respectively to the 
internal leakage and to the external leakages from the 
inlet and outlet ports to tank. A gyrator (hydraulic 
motor displacement Dm), describes the ideal hydraulic 
motor, and connects the hydraulic domain to the me-
chanical domain. The angular velocity at node j is the 
angular velocity of the motor's shaft. This is trans-
formed via a gearbox with gear ratio N to the swing 
angular velocity denoted by swq . The four linear seg-
ments between nodes l and k correspond to (a) the 
torque provided by the motor (segment 4), (b) the vis-
cous torque (segment Bm), (c) the inertial torque accel-
erating inertias (segment Jeq), and (d) to an external 
torque that models the inertial and other coupling 
torque effects of the manipulator (segment TS). 
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Fig. 2: The swing actuator full model 

The modelling of the boom and stick actuation 
subsystems follows the same principles. Fig. 3 depicts 
the Linear Graph for a double-acting single-ended 
cylinder driving a rigid link, see also Fig. 4. Since the 
piston areas are not equal, two gyrators with areas A1 
and A2 are used. Each gyrator describes the conversion 
of chamber hydraulic pressure to mechanical force. 
The lines (hoses) to and from the cylinder are mod-
elled as in the swing case. The mechanical subsystem 
includes the viscous coefficient Bp, the equivalent cyl-
inder mass Meq, and all other coupling force terms, 
denoted by Fs. The modelling of these systems is de-
scribed in more detail in (Papadopoulos et al, 1997). 

Following this methodology, twelve nonlinear dif-
ferential equations have resulted for the hydraulic ac-
tuation subsystem (Papadopoulos et al, 1997). How-
ever, these equations did not allow for both forward 
and backward motions of the manipulator, and there-
fore could not be used as such in a simulator. 

�������������������������
�������������������������

�����������������������
�����������������������

�������������������������
�������������������������

Bp

M eq

Pref = 0

C1

I1

PS,1

R1

C2

I 2
R2

1 2 3 4CR1 CR2

PS,2

A1 A2FS

vref = 0

xp
.

Pref = 0
Mechanical
Subsystem

Hydraulic
Subsystem

Hydraulic
Subsystem

Fig. 3: The cylinder actuator full model 
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Fig. 4: A hydraulic cylinder actuator 



4 

b. Modelling of general actuator motions 
Note that in hydraulic systems, motion is con-

trolled with control flow valves, such as proportional 
spool-type valves. Each valve can be considered of as 
two orifices through which fluid flows. The pump 
draws oil from the tank and directs it through a valve 
orifice and a line to a cylinder or a hydraulic motor 
and back from the actuator through the line and the 
other valve orifice into the oil tank. An input voltage 
controls the spool position, which modulates valve 
orifice areas, and hence orifice resistance to the flow.  

In simulation, to enable both forward and back-
ward motions of a link, i.e., to have the sign of the 
swing angular velocities Ω or piston linear velocities 

px  changed, the valve must be able to reverse the oil 
flow direction, as required by the swing motor and 
piston gyrator equations 
Swing gearbox: 

34sw

sw423 ΩΩ
τNττ

qNN
−==

=Ω==
 

Swing motor: 
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Ω=

 

(1)

Headside piston: 
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(2)

where N represents gearbox ratio, Dm hydraulic motor 
displacement, Q flow rate, P pressure, F force, the 
subscript p indicates piston variables, and should be 
replaced by bm or sk for boom or stick respectively, 
the subscript sw indicates swing variables, xp repre-
sents piston displacement, and the indices 1, 2, 3, and 
4 correspond to variables associated with gyrator or 
transformer segments, see also Fig. 2 and 3. The A1 
and A2 are piston areas at headside and rodside, as 
shown in Fig. 4. 

Reversal of flow is obtained by an appropriate po-
sition motion of the spool, which is controlled by the 
input voltage to the valve. One common way to model 
this effect is through a resistive bridge, (Merritt, 
1967). However, this results in complicated equations, 
and introduces additional numerical stiffness because 
two of the four resistances in the bridge are always 
very large. A method which yields the same results 
and is simpler to implement, is to assume that each 
actuation subsystem is driven with two pressure 
sources, PS1 and PS2 one of which is always set at 
pump pressure while the other is set at tank pressure. 
The spool position, and therefore the command input 

voltage, dictates which of the two sources is set to 
pump pressure. With this observation, the Linear 
Graph models introduced in (Papadopoulos et al, 
1997), are modified to the ones depicted in Fig. 2 and 
3. 

c. Actuator Space Dynamics 
Linear Graphs and similar systems methodologies 

are helpful in analysing and understanding dependen-
cies in uni-dimensional multi-port energy domain sys-
tems. However, they are not well-suited in dealing 
with multidimensional coupled rigid-body dynamics. 
To address this problem, in this section link dynamics 
is rewritten as a set of scalar actuator-space equations, 
with state variables actuator displacements and speeds. 
This set also permits identifying terms with weak 
static or dynamic effects, a prerequisite for speeding 
up a simulation. 

First, a detailed model for the rigid body dynamics 
of the manipulator in joint space coordinates is ob-
tained including the swing, boom, and stick degrees-
of-freedom. The equations were derived using La-
grangian dynamics. The rigid body equations have the 
form 

 
Tτ,τ,τ)(),()( ][ skbmsw==++⋅ τqGqqVqqM  (3) 

 
where q = [qsw, qbm, qsk]T is the vector of joint angles, 
M(q) is a 3×3 mass matrix, ),( qqV  includes Coriolis 
and centrifugal terms, G(q) includes gravity terms, τsw 
is the torque provided by the hydraulic motor gearbox, 
and τbm and τsk are torques on the boom and stick 
joints generated by the hydraulic cylinders.  

Next, the Jacobian J that relates joint angular 
speeds to actuator speeds  

 qJx ⋅=  (4a) 

also relates the net actuator forces acting on the ma-
nipulator links, FNet, to torques in Eq. 3 

 NetFJτ ⋅= T  (4b) 

In Eq. 4, x = [qsw, xbm, xsk]T is the vector of actuator 
displacements, xbm and xsk are the boom and stick cyl-
inder displacements. The force FNet is related to the 
force or torque generated by the ideal hydraulic actua-
tors, FAct, as 

 xBFF ⋅−= ActNet  (5) 

where FAct = [τm, Fbm, Fsk]T and τm, Fbm and Fsk are the 
swing motor, boom and stick ideal actuator torques or 
forces, and B is the associated damping. Since each 
link is independently actuated, J and B are diagonal, 
and furthermore, the first diagonal term of J is 1 since 
the swing actuator is rotational. 

Using Eq. 4a, the joint angular acceleration is ex-
pressed as 
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 xJxJq 11 −− +=  (6) 

Also, the mass matrix M(q) is decomposed to its 
diagonal terms MD and its off-diagonal terms MOD 

 ))((D qMM diag=  (7a) 

 ))(()(OD qMqMM diag−=  (7b) 

and therefore 

 ODD)( MMqM +=  (8) 

Using Eq. 4-8, Eq. 3 can now be expressed in ac-
tuator space coordinates as 

 ActSEq FFxBxM =++  (9) 

where 

 1
DEq

−−= JMJM T  (10) 

)](),()([ 11
ODS qGqqVxJqMxJMJF +++= −−−T  

   (11) 

Because both MD and J are diagonal matrices, MEq is 
also diagonal, and 1−J  is simple and available ana-
lytically. 

The continuity equations, i.e. force balance equa-
tions, at the nodes swq  and px  in Fig. 2 and 3 can be 
written as 

Node swq : 
 swm1mSswmswEq ττPDNTqBqJ ===++  (12a) 

Node px : 
 p4211SpppEq FPAPAFxBxM =−=++  (12b) 

where again p stands for bm (boom) or sk (stick). Eq. 
12a basically states that the motor torque is propor-
tional to the motor pressure drop P1, see Eq. 1 and that 
it accelerates the motor and gearbox inertia, over-
comes the motor viscous friction, and supplies the 
manipulator with some torque. Similarly, Eq. 12b is a 
force balance for the boom or stick pistons. 

Direct comparison between Eq. 9 and 12 shows 
that the equivalent configuration dependent mass-
/inertia in the Linear Graphs of Fig. 2 and 3 are the 
diagonal elements of MEq and that the force/torque 
sources are the elements of FS. Eq. 12 provide a direct 
interface of hydraulic system modelling and actuator 
space dynamics, allowing model simplifications, and 
yield better understanding of link-actuator dynamics at 
systems level. 

With the above modifications a set of eighteen 
first-order nonlinear differential equations result, 
twelve for the actuation subsystem and six for the ma-
nipulator modelling. The detailed equations are given 
in Appendix A. Three PID link controllers were im-

plemented both as part of the experimental machine 
and the simulator software. The controllers input 
commands are joint positions necessary to obtain co-
ordinated motion of the manipulator endpoint, while 
their outputs are voltages driving valve spools and 
therefore modulating orifice resistances. This modula-
tion and its associated numerical problems are ad-
dressed in the next section. 

3 Valve Closure Stiffness 

Valve orifices are modelled as non-linear fluid re-
sistances according to 

 )Q(QCP sign2
R ⋅=  (13) 

where Q is the flow through the orifice and P its 
across pressure drop. A polynomial fitted to experi-
mental data is used to find the orifice resistance CR as 
a function of the input voltage sent to the valve, see 
(Papadopoulos et al, 1997). 

When an overlapped valve closes, the flow through 
it ceases, and its orifice resistance becomes infinite. 
Since infinite numbers are impossible in simulation, a 
very large value, referred to as the maximum-
resistance at valve closure, must be chosen instead. As 
a result, residual flows leaking through the orifices 
appear in simulation when a valve is closed, leading to 
a simulator non-realistic drift of the manipulator links. 
In addition, as the control voltage changes sign and 
the valve opens again, this residual flow changes di-
rection abruptly due to the associated change in pres-
sure source conditions. This effect creates undesirable 
discontinuities in the fluid flow variables of the actua-
tion system. As a result, numerical integration at these 
instances becomes computationally intensive and 
sometimes even impossible, depending on the choice 
of integration method and the magnitude of tolerated 
errors. In such instances, the realism that a simulator 
must achieve is seriously affected. 

To tackle this problem, a new set of “closed-valve” 
equations is introduced to describe system behaviour 
during valve closure, and the system is described by 
one set of equations when the valve is open, and by 
another set when the valve closes. 

In these new closed-valve models, elements that 
play no role due to valve closure, i.e. valve resistances 
and pressure sources, are removed. Since no flow is 
present when the valve is closed, the inertances are 
also removed. The fluid capacitance elements are 
maintained because hose and fluid capacitive behav-
iour is present. On the mechanical side, a link may 
oscillate at very low amplitudes due to fluid and line 
compressibility, but it will not drift. 

Simulating valve closure with model switching re-
quires continuity in the state variables; or the numeri-
cal integrator may fail. However, since at the verge of 
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simulated valve opening there is some residual flow 
due to the finite maximum resistance, while there is 
zero flow when the valve is closed, there is a need for 
an additional mechanism to maintain continuity. Note 
that the residual flow resulting when the valve is about 
to open (or before closing) is not constant, but it de-
pends on the pressure difference across the valve, a 
quantity that varies with time, see also Eq. 13. Also 
note that although removal of the inertial elements 
simplifies the system dynamics and speeds up integra-
tion, it also removes associated flow rate state vari-
ables. 

To address these issues, first the residual flow at 
the verge of opening or closing a valve is computed as 
a function of the pressure difference between the 
source and the line pressure, PS,i – PC,i. Indeed, using 
simple Linear Graph compatibility (pressure) equa-
tions, and the fact that a zero rate of flow rates corre-
sponds to a zero pressure drop across an inertance 
(Rowell and Wormley, 1997), one can show that this 
residual flow is given by 

 ( )res,i S,i C,i R,i S,i C,i/ signQ P P C P P= − ⋅ −  (14) 

Once the valve is closed, and the dynamic equa-
tions are switched to the closed valve model, there is a 
need for a state variable which will quickly reach (or 
track) the value given by Eq. 14. This is achieved by a 
simple first order system whose input is Qres,i 

 ( ) 01
ires,iI,

iI, =−+ QQ
τdt

dQ

Q

 (15) 

where τQ is a time constant that must be chosen rea-
sonably small, and QI,i is the flow through the valve 
orifice and the inertance element Ii. It was found that a 
reasonable value is τQ = 0.01 s. Eq. 14 and 15 elimi-
nate all flow discontinuities encountered during valve 
switching, and hence they increase simulation per-
formance. 

Figure 5 shows the simulated tracking error re-
sponse due to some stick motion, in comparison to the 
experimental one. As shown in the figure, the model 
still predicts accurately the oscillations caused by the 
hydraulic dynamics in the fluid lines, see for example 
the oscillations at 8 s, 30 s, etc. However, integration 
of the dual model equations is not slowed down during 
valve switchings and integration can proceed fast 
without numerical problems. 

On the other hand, because these line oscillations 
occur at relatively high frequencies (around 20 Hz) the 
integrator slows down when these occur. These oscil-
lations are secondary effects that are filtered by the 
mechanical rigid-body dynamics that is much slower 
than its hydraulic counterpart. Since the purpose of the 
simulator is to display the manipulator motion, these 
fast dynamic effects are of no interest here and can be 
eliminated. 
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Fig. 5: Comparison of stick tracking errors 

In the next section, a new set of actuator models is 
proposed in which hydraulic dynamic elements are 
removed for further speed improvements. 

4 Reduced Actuator Systems 

Experimental and simulation results confirmed that 
the rigid body dynamics act as low-pass filters, filter-
ing the oscillations inherent to the hydraulic actuation 
to a negligible level as far as the simulator is con-
cerned. Hence, it was concluded that the removal of 
the hydraulic dynamics would not reduce the required 
accuracy significantly. Therefore, the reduced hydrau-
lic actuation systems were modelled simply as resis-
tive networks, see Fig. 6 and 7. These “reduced” mod-
els have only six state variables compared to eighteen 
of the “full” models described in the previous section. 
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Fig. 6: The swing actuator reduced model 

To deal with numerical stiffness problems associ-
ated with a closing valve, the approach taken in Sec-
tion 3 is followed here, and hence, two models for 
each actuator subsystem are developed: one for the 
interval at which the valve is open, and for the interval 
at which the valve is closed. The open valve models 
are shown in Fig. 6 and 7, while in the closed valve 
models, the pressure sources and the valve orifice re-
sistances are removed. Again, because no infinite 
maximum resistance values can be used at valve clo-
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sure, there are small discontinuities in flows through 
the valves during model switching. Here, due to the 
structure of the reduced models, a discontinuity in 
residual flows directly becomes a discontinuity in the 
joint actuator velocities, see Eq. 1, and 2. To prevent 
these discontinuities, first order differential equations 
were used as explained in Section 3. 

�������������������������
�������������������������

�����������������������
�����������������������

����������������������
����������������������

Bp

Meq

Mechanical
Subsystem

Hydraulic
Subsystem

Pref = 0
Hydraulic
Subsystem

PS,1

R1 R2

1 2 3 4C R1 CR2

PS,2

A1 A2FS

v ref = 0

x p

.

Pref = 0

Fig. 7: The cylinder actuator reduced model 

In order to find the residual flows through the 
valves, an inverse dynamics procedure is employed. If 
a joint is locked and does not move, the corresponding 
valve is closed. However, the joint actuator applies a 
force or torque to keep the joint from moving. This 
force or torque and the corresponding load pressure 
can be computed knowing the state of the manipulator, 
i.e. the motion of its links and the gravity loads. This 
is an inverse dynamics procedure. In simulation, a 
closed valve is represented by a large but not infinite 
resistance. Therefore, the valve pressure drop required 
to maintain the load pressure at the actuator when the 
valve is almost closed (or almost open) results in a 
residual flow and a corresponding residual velocity at 
the mechanical side. 

In more detail, it is assumed that when a valve 
closes, the corresponding joint’s angular accelerations 
are zero. Also, the residual flow through the lines is 
very small, resulting in very small angular velocities, 
and therefore velocity and damping terms can be ne-
glected. Hence, when the valve of a cylinder or motor 
closes, velocity and acceleration terms vanish and Eq. 
12 become 

Node swq : 
 sw1mS τPDNT ==  (16a) 

Node px : 
 p4211S FPAPAF =−=  (16b) 

The force or torque source elements FS or TS can 
be determined using Eq. 11. In the case of a swing 
motor, Eq. 16a yields an expression for P1. However, 
to compute the pressures PRe1 and PRe2, a Newton-
Raphson-based numerical solver must be employed 
because of the existence of algebraic loops. Computa-
tion of these two pressures allows one to find the pres-
sure drops across the valve, and subsequently to com-
pute the residual flows. 

In the case of a piston type actuator, the piston ve-
locity px  can be written as a function of FS using the 
elemental, continuity and compatibility equations de-
fined by the Linear Graph methodology. Since the 
effect of piston damping is small compared to the 
damping due to valve resistance at valve closure, pis-
ton damping is neglected, and the residual piston ve-
locity results as a simple function of FS. 

 ( ) ( )
1 S1 2 S2 S

p 3 3
R1 1 1 R2 2 2

1 S1 2 S2 Ssign( )

A P A P F
x

C R A C R A

A P A P F

− −
= ⋅

+ + +

⋅ − −

 (17) 

The residual flows through the valve are then given as 
the product of the appropriate piston area by px . 

Next, in the interest of comparing the full model 
response to that of the reduced one, expressions are 
developed to calculate the pressures at the inlet and 
outlet of the hydraulic actuators, i.e. pressures P1 and 
P4 for the cylinders, see Fig. 4 and 7, and pressures 
PRe1 and PRe2 for the hydraulic motor, see Fig. 6. In 
particular, pressures PRe1 and PRe2 are the ones across 
nodes e-d and f-d in Fig. 6. 

In the case of the open-valve models, these pres-
sures can be determined using continuity and com-
patibility equations, as they are simple algebraic func-
tions of the state variables. However, the pressures 
PRe1 and PRe2 associated with the hydraulic motor are 
determined after solving the algebraic loops encoun-
tered due to the leakage resistive elements Re1 and Re2. 

In the case of the closed-valve models, the motor 
pressures PRe1 and PRe2 are again found by solving 
iteratively the algebraic loops. However, the pressures 
P1 and P4 of the hydraulic cylinders cannot be found 
separately, because the inverse dynamics procedure 
yields the force applied by the actuator, but not the 
individual pressures on each side of the piston, see Eq. 
12b. This is because the headside and rodside piston 
areas are unequal due to the existence of the rod, see 
Fig. 4. Therefore, to compute the individual pressures, 
more information is needed. This information can be 
obtained using the observation that individual piston 
chamber pressures settle to a level, which is related to 
compressibility and capacitive effects of the lines and 
the oil. 

To this end, the full model described by the linear 
graph of Fig. 3 is examined with focus on the action of 
the capacitive elements when a valve is closed. The 
elemental equation of the first fluid capacitance is, 
(Rowell and Wormley, 1997) 

 C1
1

C1 1 Q
Cdt

dP =  (18) 

where C1 is the element fluid capacitance, PC1is the 
pressure drop across the element, and QC1 is the flow 
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through it. The QC1flow is related to piston velocity, 
see Eq. 2, as 

 p1EqM,11C1 xAνAQQ −=−=−=  (19) 

Replacing Eq. 19 into Eq. 18, and integrating Eq. 
19 from an initial state i to a current one, the pressure 
across C1 is expressed as a function of the piston posi-
tion xp 

 ( )ip,p
1

1
iC1,C1 xx

C
APP −−=  (20) 

where PC1,i and xp,i are respectively, the pressure drop 
across the capacitance C1, and the piston position at a 
given initial state i. A similar expression can be found 
for the second capacitance C2. Using these expressions 
into Eq. 12b and expressing all the variables in terms 
of the piston position xp, the differential equation be-
comes 

 ( ) SiS,ip,pEqpEqpEq FFxxKxBxM −=−++  (21) 

where 

 ( )3 3
Eq 1 1 2 2 p pB R A R A x B= + ⋅ +  (22) 

 
2

2
2

1

2
1

Eq C
A

C
AK +=  (23) 

 iC2,2iC1,1iS, PAPAF −=  (24) 

and BEq is the equivalent damping, Bp is the piston 
damping, where R1 and R2 are the fluid line non-linear 
resistance constants, defined by an equation similar to 
Eq. 13, xp,i is the position of the piston at state i, and 
KEq is an equivalent spring constant. 

When a valve is closed, the acceleration and veloc-
ity of a cylinder’s piston quickly become negligible. 
Therefore, setting the derivatives of xp equal to zero, 
Eq. 21 allows one to compute the position of the pis-
ton as 

 ( ) EqSiS,ip,p / KFFxx −+=  (25) 

Also, since the piston is not moving, there is no 
flow through the fluid lines, and therefore the pressure 
drop across the resistive elements R1 and R2 is zero. 
As a result, the compatibility equations require that 
pressures P1 and P4 be equal to the pressures across 
the capacitive elements C1 and C2, PC1 and PC2, re-
spectively. 

Combining the results above, the pressures at the 
inlet and outlet of the piston actuators when the valve 
is closed are given by the following expressions 

 
Eq

SiS,

1

1
i,11 K

FF
C
APP

−
⋅−=  (26a) 

 
Eq

SiS,

1

1
i4,4 K

FF
C
APP

−
⋅+=  (26b) 

where P1,i and P4,i are the lower and upper piston pres-
sures at some initial state i. For simulation purposes, 
this initial state is chosen to be the time at which a 
valve closes, when P1 and P4 are known. 

5 Implementation Results 

The full model simulation results presented in (Pa-
padopoulos et al, 1997) were in excellent agreement 
with the experimental results, thus validating the full 
model, see also Fig. 5. Here, the full model response, 
(solid thin line), is compared to the response of the 
reduced model, (dashed thick line), while the stick is 
commanded to follow a sinusoidal trajectory. The 
same controller has been used in all cases, both in 
structure and gain values. 

Figure 8 shows a comparison of the stick joint po-
sition errors for the two models, Fig. 9 a comparison 
of the stick cylinder output pressure (P4), and Fig. 10 
the command voltage sent to the stick’s valve, respon-
sible for the responses in Fig. 8 and 9, during a stick 
sinusoidal motion. 

As shown in Fig. 8, the stick tracking error re-
sponse that results from the full and the reduced mod-
els are in excellent agreement, except where the full 
model predicts hydraulic oscillations. This is ex-
pected, since the reduced model does not include line 
or oil dynamics. However, as explained earlier, this is 
not required for a real-time graphical simulator. 

The same behaviour is observed in Fig. 9, where 
the stick output pressure is plotted. The two model 
responses differ slightly where the full model predicts 
hydraulic oscillations. 

Figure 10 shows that the controller command volt-
ages to the valves are identical for the two models. 
This is due to the fact that small pressure oscillations 
are not observed in stick angular positions due to me-
chanical filtering, and therefore, the controller com-
mand voltages that depend on sensed and desired an-
gular positions are identical. 

Boom cylinder pressure predicted by the closed-
valve reduced model was compared to the same pres-
sure given by the closed-valve full model, while the 
stick was commanded to follow the same sinusoidal 
trajectory as before and the boom valve was closed, 
see Fig. 11. This figure shows that as expected, piston 
chamber pressures for pistons that are locked in posi-
tion vary during motions of the manipulator, as ex-
pected. 
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Fig. 8: Stick position tracking error 
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Fig. 9: Stick cylinder output pressure 
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Fig. 10: Stick command voltage 
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Fig. 11: Boom cylinder output pressure 

The obtained simulation results show that the re-
duced model accurately predicts the response of the 
electro-hydraulically actuated manipulator, while it 
eliminates the small oscillations caused by the hydrau-
lic dynamics. As mentioned previously, for the pur-

pose of a real time graphical simulation, these oscilla-
tions are not required since the motions they induce 
are not visible. On the other hand, the removal of 
these oscillations significantly decreases the number 
of computations required to predict the behaviour of 
the system. 

For the above simulation results, a relatively high 
maximum-resistance approximation for the valve clos-
ing point was used. The continuity of states and re-
duced models for all three actuators were imple-
mented. The simulation was run on a 150 MHz, 
R4400 processor Silicon Graphics Extreme work-
station and Matlab/Simulink was used. The running 
time was reduced by a factor of 3.5, from 28 min 
down to 8 min for a 40 s simulation. By compiling the 
reduced models, and relaxing the valve maximum-
resistance value, the running time was reduced to 47 s, 
i.e., by a factor of 35. 

The simulation time can be reduced further by fine 
tuning the code and compiling it as a stand-alone 
package. Also, although the simulator engine currently 
runs on a SGI workstation, it can also run on standard 
PC computers with OpenGL libraries, equipped with 
relatively inexpensive fast processors and graphics 
cards. Therefore, realistic real-time simulation of an 
electro-hydraulic system is achievable. 

6 Conclusions 

This paper focused on the development of a real-time 
graphical simulator engine for forestry machines. The 
rigid body dynamics of a machine’s manipulator was 
integrated with electrohydraulic actuator models and 
joint controllers were added. Stiffness and discontinu-
ity problems related to valve closure/opening were 
described and solutions proposed. To accelerate simu-
lation running time, a reduced model of the actuators 
was introduced. The fluid line dynamics was elimi-
nated and the hydraulic actuation system was mod-
elled as a purely resistive network. Full and reduced 
models were compared and it was found that the re-
duced model properly represents the required effects. 
In addition, the running time using the reduced model 
simulation increased by a factor of 35 without sacrific-
ing response accuracy.  

Nomenclature 

A piston area [m2] 
B linear damping [Ns/m] 
C fluid capacitance [m4s2/kg] 
CR resistance coefficient [m] 
Dm hydraulic motor constant [m3/rad] 
F force [N] 
FS force coupling terms  [N] 
I fluid line inertance [kg/m4] 
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J Jacobian matrix  
K spring constant [N/m] 
M mass matrix  
N swing gearbox ratio - 
P pressure [N/m2] 
Pi pressure across graph element i [N/m2] 
Q flow rate [m3/s] 
Qres,i residual flow rate [m3/s] 
q joint angles  
R fluid line resistance [kg/m4s] 
ττττ torque / force vector  
τ, T torque [Nm] 
τQ time constant [s] 
v linear velocity [m/s] 
x linear displacement [m] 
Ω angular velocity [rad/s] 

Indices 

bm as an index indicates boom  
Eq as an index indicates equivalent  
p as an index indicates piston  
s as an index indicates source  
sk as an index indicates stick  
sw as an index indicates swing  
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Appendix A 

The equations of motion for the rigid body ma-
nipulator, were derived separately in the joint space of 
the manipulator using a Lagrangian approach. These 
have the form (Papadopoulos and Sarkar, 1997) 
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 τqGqqVqqM =++⋅ )(),()(  (A1) 

where q = [qsw, qbm, qsk]T is the vector of manipulator 
joint angles, M(q) is a mass matrix, V(q,q)  includes 
Coriolis and centrifugal terms, G(q) includes gravity 
terms, and ττττ is the input torque provided by the actua-
tors. To integrate this model to the hydraulic actuator 
models, one needs to provide expressions transform-
ing pressure differences to forces or torques, and 
angular velocities to flows. 

For the actuators, Eq. 4 is repeated here 

 ( )xBFJτqJx ⋅−⋅== Act T,  (A2)  

where x = [qsw, xbm, xsk]T is the vector of actuator dis-
placements, xbm and xsk are the boom and stick cylin-
der displacements, FAct = [τm, Fbm, Fsk]T and τm, Fbm 
and Fsk are the swing motor, boom and stick ideal ac-
tuator torques or forces, and B is the associated damp-
ing. Since each link is independently actuated, the 
Jacobian J is a diagonal matrix. 

For single-ended type of cylinders, we have 
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where A1_bm, A2_bm, A1_sk, A2_sk are driving and return-
ing areas of the boom and stick pistons; Fbm, Fsk are 
the forces generated by boom and stick cylinders. 
Similarly, P1_bm, P4_bm, P1_sk, P4_sk are pressures at 
inlet and outlet of the boom and stick cylinders, and 
Q1_bm, Q4_bm, Q1_sk, Q4_sk are flow rates. The negative 
sign in the second equation is due to Linear Graph 
conventions. Therefore, the transduction equations can 
be written as 
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The transduction equation for the swing motor is more 
standard, and including the gear train results in 
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The relationship between manipulator dynamics, in 
terms of variables ττττ and q  and electrohydraulic actua-
tor dynamics, in terms of variables P, Q are set up. 
The overall dynamic equations for the three dof ma-
nipulator are given below. 

{ }τqGqqVqMq

qq

1 +−−=

=
− )(),()( 21

1
12

21  

( )( )( )
( )( )

( )( )
( )

( )( )
( )( ) 2_swi,2_sw

2
i,2_swRC2_swS,2_swi,2_sw

1_swC1_swi,1_sw
2

i,1_swRS,1_swi,1_sw

2_swi,2_swe2R2C2_sw

e1C2_swR2swRin

1C2_swR2swR1_swCC2_sw

1_sw1C2_swR2swRinC1_swi,1_swC1_sw

sign

sign

in

I/QQCPPQ

I/PQQCPQ

C/}QR/PP
R/PPqP

RPPqPP{P

C/R/PPqPPQP

⋅⋅−+=

−⋅⋅−=

−+−

++−

−−−−=

−−−−=

′

 

( )
( )

( )( )
( )( ) 2_bmi,2_bm

2
i,2_bmRC2_bmS,2_bmi,2_bm

1_bmC1_bmi,1_bm
2

i,1_bmRS,1_bmi,1_bm

2_bmi,2_bmbm2_bmC2_bm

1_bmbm1_bmi,1_bmC1_bm

sign

sign

I/QQCPPQ

I/PQQCPQ

C/QxAP

C/xAQP

⋅⋅−+=

−⋅⋅−=

−⋅=

⋅−=

′

  

( )
( )

( )( )
( )( ) 2_ski,2_sk

2
i,2_skRC2_skS,2_ski,2_sk

1_skC1_ski,1_sk
2

i,1_skRS,1_ski,1_sk

2_ski,2_sksk2_skC2_sk

1_sksk1_ski,1_skC1_sk

sign

sign

I/QQCPPQ

I/PQQCPQ

C/QxAP

C/xAQP

⋅⋅−+=

−⋅⋅−=

−⋅=

⋅−=

′

   (A6a) 
where 

[ ]Tqqq skbmsw1 == qq   (A6b) 
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