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ABSTRACT

of on-o thrusters, is designed using single-axis,
rigid-body motion, and a thruster switching logic
based on phase-plane techniques. This approach
is common in the design of thruster-based control
systems. The exible modes of this space robotic
system have rather low frequencies, which continuously change with manipulator con guration
and payload, and can be excited by the RCS activity. The performance degradation of the RCS
due to the deployment of a exible payload, with
or without the CANADARM, was studied in [2].
A new design for the RCS was developed to reduce the impact of large measurement uncertainties in the rate signal during attitude control, as
reported in [3]. The performance of the RCS is increased signi cantly for rigid-body motion. However, the exibility problem was not addressed.
Currently, the method for resolving these problems consists of performing extensive simulations.
If dynamic interactions occur, corrective actions
are taken, which would include adjusting the RCS
parameter values, or simply changing the operational procedures [2]. The consequences of such
interactions can be problematic, since fuel is an
unavailable resource in space; hence, classical attitude controllers must be improved to reduce the
possibility of such dynamic interactions.

Space manipulators mounted on an on-o
thruster-controlled base are envisioned to assist
in the assembly and maintenance of space structures. When handling large payloads, manipulator joint and link exibility become important,
for it can result in payload-attitude controller
fuel-replenishing dynamic interactions. In this
paper, the dynamic behaviour of a one- exiblejoint manipulator on a free- ying base is studied,
while its parameters are matched with available
space-manipulator data. Describing functions are
used to predict the dynamic performance of two
alternative controller/estimator schemes, and to
conduct a parametric study on the in uence of
key system parameters. Design guidelines and a
particular state-estimator are suggested that can
minimize such undesirable dynamic interactions
as well as thruster fuel consumption.

1. INTRODUCTION
Robotic devices in orbit will play an important
role in space exploration and exploitation. The
mobility of such devices can be enhanced by
mounting them on free- ying bases, controlled by
on-o thrusters. Such robots introduce a host of
dynamic and control problems not found in terrestrial applications. When handling large payloads, manipulator joint or structural exibility
becomes important and can result in payloadattitude controller fuel-replenishing dynamic interactions. Such interactions may lead to control system instabilities, or manifest themselves
as limit cycles [1].
The CANADARM-Space Shuttle system is the
only operational space robotic system. Its Reaction Control System (RCS), which makes use

This problem was studied using a single mode,
linear translational mechanical system to approximate the dynamic behavior of a two- exible
joint manipulator mounted on a three-degreesof-freedom (dof) base [4]. A particular stateestimator model and design guidelines were suggested to minimize such undesirable dynamic interactions, as well as thruster fuel consumption.
In this paper, these results are validated using a
more realistic model with rotational dof. A general technique to model a space manipulator with
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exible joints is rst developed and used to derive the dynamics of a planar system consisting
of a single- exible-joint manipulator on a threedof spacecraft. The describing function technique
and simulations are used to study this four-dof
system and show the increase in performance that
can be obtained using the state-estimator model
developed in [4]. Design guidelines for such systems are also presented.

where !0 is the angular velocity of the spacecraft,
and !i is the angular velocity of the coordinate
frame attached to the i-th link of the manipulator,
which can be expressed as
!i

In this section, the dynamic model of an N exible-joint space manipulator is obtained using
a Lagrangian approach. Since the travel of the
system is assumed to be relatively short in length
and duration, the dynamical e ects due to orbital
mechanics are neglected. The kinematics of the
free- ying space manipulator is expressed using
the spacecraft centre of mass (CM) C as a reference point to describe the translation of the system. The inertial position vector of an arbitrary
point P of the system, p, can be written as
(1)

(2)

where ci is the position vector of the CM Ci of the
i-th body with respect to the spacecraft CM, and
pi is the position vector of point P with respect
to the i-th body CM. The position vector ci can
be expressed as
i 1
X
ci = r0 + (rk lk ) li; i = 1;    ; N (3)
k=1

with vectors f rk gi0 1 and f lk gi1 indicated in
Fig. 1. The velocity of the point P on the manipulator is expressed as

p_ = c_ + c_ i + !i  pi

k=1

2k zk

i=1

(4)

with

c_ i = !0  r0 +

i 1
X
k=1

!k  (rk

lk )

! i  li

(6)

Figure 1: A space manipulator system.
Assuming lumped exibility at the joints, links
are considered rigid and Eqs.(4) and (5) can be
substituted in the kinetic energy expression of the
manipulator, given by
Z
1
TM = 2 p_ T p_ dM = T0 + T1 + T2 (8)
M
where M is the total mass of the system, and T0,
T1, and T2 are de ned as
!
N
X
1
T
T
T0 = 2 M (_c c_ ); T1 = c_
mi c_ i
i=1
"
#
N
X
1
T
T
T
T2 = 2 !0 I0!0 + (mi c_ i c_ i + !i Ii! i)

where c is the position vector of C and  is the
position vector of point P with respect to C , as
shown in Fig. 1. The position vector  can be
further expressed as
 = ci + pi

i
X
_

where _2k is the joint rate of the k-th joint and zk
is the unit vector along the axis of rotation of the
same joint, see Fig. 2.
By choosing a set of Euler angles  to describe
the attitude of the base, its angular velocity !0
can then be expressed in terms of the Euler rates
_ as [5]
!0 = S0 ()_
(7)

2. SYSTEM DESCRIPTION
Dynamics Modelling

p=c+

= !0 +

(5)

Figure 2: A exible-joint model.
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with mi and Ii being the i-th body mass and moment of inertia with respect to the centre of mass
of the corresponding body.
Now, assuming direct drives, see Fig. 2, and
de ning m = [1 ; 3;    ; 2N 1]T as the vector of
the rotor-joint variables, at the joints, the kinetic
energy of the rotors is
Tm = 12 _ Tm J_ m
(9)
where J is the rotors moment of inertia matrix.
For a free- yer, microgravity e ects are very
small compared to control forces, and hence, they
are neglected. Thus, the potential energy is only
due to joint elasticity, and can be written as
V = 21 T K
(10)
where K is a sti ness matrix and  a vector
representing the di erence between the angular
position of the link and the angular position of
the rotor, its ith component being 2i 2i 1 .
Viscous friction forces due to damping can be
taken into account using Rayleigh's dissipation
function R, given by
R = 12 _ T C_
(11)
where C is a damping matrix.
The sum of all powers developed by driving devices supplying controlled forces is given by
 =  T _ m + f T c_ + nT ! 0
(12)
where  is the vector containing all torques applied by the motors at each joints, while f and n
are the forces and moments applied to the spacecraft with devices like thrusters and/or momemtum wheels. Note that if vector c is expressed in
the inertial frame, f must be expressed in the same
frame. If t denotes the thruster forces expressed
in the spacecraft frame, then f can be written as
f = R()t
(13)
where R() is a rotation matrix carrying the inertial frame into an orientation identical to that
of the spacecraft frame. Therefore, using Eqs.(7)
and (13), Eq.(12) becomes
 =  T _ m + (Rt)T c_ + nT S0 _
(14)
In the realm
equations,
h T ofT theT iEuler-Lagrange
T
we use q = c ;  ;  , where  is the vector of

the joint angles of both the rotors and the links,
which are di erent due to exibility, and all other
quantities have been de ned in Eqs.(1) and (7).
Then, applying Euler-Lagrange equations
d  @T  @T + @V = @ ( R) (15)
dt @ q_i @qi @qi @ q_i
for i = 1;    ; 6 + 2N , the equation of motion can
be written as
Mq + C2q_ + K2q + n = 
(16)
where M is a (6+2N )  (6+2N ) positive-de nite
mass matrix, C2 , K2 and n containing the damping coecient terms, the sti ness terms and the
nonlinear velocity terms respectively, while  is
the vector of generalized forces.

Controller Structure
The technology currently available does not allow
the use of proportional thruster valves in space,
and thus, the classical PD and PID control laws
cannot be used. Therefore, spacecraft attitude
and position are controlled by the use of on-o
thruster valves, that introduce nonlinearities.
The usual scheme to control a spacecraft with
on-o thrusters is by the use of the error phase
plane, de ned as having the spacecraft attitude
error e and error rate e_ as coordinates. The onand-o switching is determined by switching lines
in the phase plane and can become complex, as for
example, the phase plane controller of the Space
Shuttle [2]. To simplify the switching logic, two
switching lines with equations e + e_ =  have
been used, as shown in Fig. 3. The deadband
limits [  ,  ] are determined by attitude limit requirements, while the slope of the switching lines,
by the desired rate of convergence towards the
equilibrium and by the rate limits. This switching
logic can be represented as a relay with a deadband, where the input is e + e_, the left-hand side
of the switching-line equations, see Fig. 4.
To compute the input to the controller, the position and the velocity of the base are required.
Using current space technology, both states can
be obtained from sensors. However, it can happen that only the attitude is available and then,
the angular velocity must be estimated.

3. SIMPLIFIED SYSTEM
In this section, the equations of motion of a simpli ed system are developed using the modelling
3

Equation (17a) gives the expression for the
torque required to brake the joint, and Eq.(17b)
represents the dynamics of the system. This equation can be linearized about an operating point.
For example, the point 0 = 0 = const., and 2 =
1 = const. De ning  q = [xs ; ys ; 0 ; 1]T ,
where 0 = 0 0 and 1 = 2 1 , the linearized equations can be written as

Figure 3: Switching logic in the error phase plane.

M(0; 1)q + Cq_ + Kq = l

(18)

where M, C and K where already de ned in
Eq.(17) and l is now given by

Figure 4: Controller block.
techniques presented in Section 2. Here, we consider the planar-one- exible-joint manipulator on
the 3-dof spacecraft of Fig. 5. We assume that
only on-o thrusters are available to control the
attitude of the spacecraft, and that the moments
produced are either 0, nmax or nmax . Moreover,
we assume that no control on the local x0 and y0
direction of the spacecraft is exerted.

l = [0;

0; n; 0]T

(19)

The natural frequencies of this system are simply given by the square roots of the eigenvalues
of the dynamic matrix W, which is de ned as

W  M(0; 1) 1K

(20)

with M(0; 1 ) being a positive-de nite matrix,
and hence, nonsingular. Moreover, three eigenvalues are zero and correspond to spacecraft rigid
modes, while the fourth one corresponds to joint
exibility.
Note that a payload can be added at the end of
the link without any modi cation of the previous
dynamic model. The parameters of the link, m1,
I1 , r1 and l1, just have to be adjusted accordingly.
We can also de ne the parameter as the ratio
of the mass of the payload over the mass of the
base, = mp =m0, where mp is the mass of the
payload. It is also useful to de ne the parameter
as the angular acceleration of the spacecraft, =
n=It0 , where It0 is the moment of inertia of the
whole system about the spacecraft CM. Finally,
we de ne 0 as the nominal angular acceleration
of the spacecraft itself, i.e., 0 = n=I0 .

Figure 5: A planar free- ying manipulator.
If we assume that the joint is braked in a speci c con guration 1 , then the vector of generalized coordinates is q = [xs ; ys ; 0 ; 2 ]T , where
xs and ys are the spacecraft CM coordinates with
respect to an inertial frame, 0 is the spacecraft
attitude, and 2 is the angular position of link 1.
Applying the techniques of Section 2, the equations of motion are obtained as
c_2 + k1 k2 = 1
(17a)
M(q)q + C_q + Kq + n =  (17b)
where all matrices are of 4  4 and all vectors are
4-dimensional. Moreover,
C = diag(0 0 0 c); K = diag(0 0 0 k);
 = [0; 0; n; k1 ]T
with the components Mij of M and ni of n being
given in the Appendix.

4. CONTROL AND ANALYSIS
Frequency-Domain Analysis
Since the attitude controller assumes use of on-o
thrusters, which are nonlinear devices, the system
cannot be adequately analyzed through the application of linear analysis methods. This problem
is solved using the describing-function method,
which can predict the existence of limit cycles in
nonlinear systems [6, 7].
4

In order to use this method, the system under
study must be partitioned into a linear and a nonlinear part. Then, it is transformed into the conguration shown in Fig. 6. G(j! ) is the frequency
response of all the linear elements in the system
and N (A; ! ) is the describing function of the nonlinearity, which is tabulated in many books, e.g.,
in [7]. The reader is refered to [6] and [7] for a
detailed description of the method, and to [4] for
the application of this method to the problem at
hand. The same stability de nition derived in [4]
is used in this paper, and is reproduced here.

attitude is available and thus, a state estimator
must be used to obtain the required velocity. As
shown in [4], the use of sensors to obtain the rate
of the base may deteriorate the performance of the
system due to the high-frequency ltering requirements. Here, we consider that only the attitude is
available from sensors, and, hence, to obtain the
velocity, we use two di erent state estimators.
In Case 1, a controller-plant-estimator con guration similar to the one used on the Space Shuttle
is employed [2]. The plant is described by its nonlinear model for simulations, while its linearized
model is used for describing-function purposes. A
di erentiator combined with a second-order lter
is used to obtain a velocity estimate, as shown in
Fig. 7. The di erentiation of a noisy signal is usually not recommended because it ampli es noise.
However, in this case, it is possible to use a scheme
where only the exible part of the motion needs to
be di erentiated. This means that, at the limit,
for a rigid system, no di erentiation is necessary.
This state estimator can give very good results
when exibility is low. The di erentiator- lter is
given by sGse (s) where

Stability De nition
1. Unstable system. This is either a system

whose motion diverges or a system whose motion reaches a limit cycle that is not contained inside the switching lines as for a rigid
body limit cycle, thus resulting in a large rate
of fuel consumption;
2. Stable system. This is a system whose motion reaches an unavoidable limit cycle similar to a rigid-body limit cycle, thus being
contained between the switching lines, and
resulting in a near-zero rate of fuel consumption, as for a rigid system.
For the simpli ed system at hand, the dynamics of the plant is nonlinear. However, it is still
possible to use the linearized model of the plant
and obtain the transfer function that relates the
moment n applied to the spacecraft, to its attitude 0 . Note that this transfer function is independent of the attitude of the spacecraft since, in
space, the system behaviour is exactly the same,
whatever the attitude is. It was thus possible
to transfer our system into the con guration of
Fig. 6.

Gse (s) = s2 + 2 !!se s + !2
2

se se

se

(21)

The attitude feedback is also low-pass- ltered using a second-order lter represented by the transfer function Gf (s), namely,

!2
Gf (s) = s2 + 2 !f s + !2
(22)
f f
f
For this lter, we use f = 0:707, and let !f free
to vary, while, for the di erentiator- lter, we use
values that correspond to the ones used on the
Space Shuttle [2], namely, !se = 0:2513 rad/s and
se = 0:707

Control Laws
As stated in Section 2, the attitude and its rate
are required to compute the input to the controller. However, it may happen that only the

Figure 7: Case 1: model with a velocity estimator
and a position lter.
For Case 2, an asymptotic state observer is used
to obtain an estimate for the attitude and its rate

Figure 6: A feedback system whose nonlinear part
has been replaced by its corresponding describing
function.
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from an attitude measurement [8]. The con guration corresponding to this case is depicted in
Fig. 8. The estimator, which is model-based, is
built using the linearized model of the plant, written is state-space form, namely,

for the CANADARM in a con guration that corresponds to the one of Fig. 5, with 1 = 2 =
45 deg. In this con guration, its rst natural frequency is !n = 2 (0:32) rad/s, and the damping
ratio is  = 0:05, without payload.
Using the describing function method, a parametric study was undertaken to investigate the
signi cance of key system parameters. The two
cases presented above are analyzed using the xed
parameter values of Table 2, and the range of parameter values of Table 3, both being based on
available space manipulator data [11].
The results of the parametric study for Case 1
are illustrated with the use of stability maps, as
those depicted in Fig. 9. Figure 9(a) shows the
stability boundary for di erent cuto frequencies !f of the second-order lter Gf (s) given by
Eq.(22). The region below such boundary represents a zone where the system is stable, while
the region above corresponds to a zone of instability. As shown in the same gure, the stability
zone can be increased by increasing the cuto frequency !f . Analyzing the graphs in Fig. 9 in a
similar way, guidelines for the design of attitude
control systems when exibility is a major concern, are obtained as follows:
1. The cuto frequency !f for the lters should
be chosen as large as possible to avoid instability;
2. the velocity gain  should be chosen with care
since the system can be unstable for low and
high velocity gain values;
3. the acceleration of the base 0 should be kept
small for stability. Unstable types of behavior are more likely to occur for large 0;
4. deadband limits  should be chosen as large
as possible to avoid instability.
Table 2: Fixed-parameter values.
 (s) !se (rad/s) f
se
0.1
0.2513
0.707 0.707
Table 3: Free-parameter values.
0:01   0:3
 (s)
0:1    50
2
(deg
=
s
)
0
:002  0  2
0
 (deg)
0:1    20
1
0; 45; 90 ; 135; 180
!f (rad/s)
0:2513  !f  20

x_ = Ax + bu
y = Cx
However, for simulation purposes, the plant is described by its full nonlinear model. To be observable, the xs and ys positions of the spacecraft and
its attitude 0 must be available for feedback in
the estimator. Therefore, the gain matrix L, as
shown in Fig. 8, is of 8  3 and thus, 24 gains must
be determined. Multiple solutions are possible, of
which we choose the one implemented in Matlab,
which makes use of the algorithm presented in [9].
The 8 pole locations are those of the Butterworth
lter at the chosen frequency !f [10].

Figure 8: Case 2: model with an asymp. st. est.
In these two cases, a time delay  , see Figs. 7
and 8, has been included to account for the delay
between the time a sensor reads a measurement,
and the time this measurement is used. Since this
delay is more signi cant than the delay of turning
on or o the thrusters, only a sensor time delay
is included.

Parametric Studies and Results
The frequency expression of Eq.(20) was used to
obtain the required spring sti ness k and damping coecient c of the exible joint such that
the rst natural frequency of the Space Shuttle/CANADARM system was matched for a speci c con guration, without payload. Using the
system parameter values of Table 1 [11], where
xc = (2712+15:5 m0)=(320+ m0), the required
k and c were found to be

k = 123; 985 Nm=rad
c = 6; 166 Nms=rad

(23)
(24)
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Table 1: Shuttle, simpli ed 1-link manipulator and payload parameter values.

Body li (m) ri (m)
mi (kg)
Ii (kg m2)
0
1
75,000
1,635,937
1
xc 15:5 xc 320 + m0 (320 + m0 )x2c (5423:5 + 31 m0 )xc + 31424:11 + 240:25 m0
0.25

β

f

=6 rad/s

f

=5, 7, 10, 20 rad/s

0.25

0

(a)

=0.005 deg/s 2
=0.01, 0.02 deg/s

0.02

2

=0.2, 2 deg/s 2
0

0.01

0.15

0.15

0.1

0.1

0.05

0.05

NOTE: always stable for
2
0=0.002 deg/s

0

0

STABLE
0

50
1

100
(deg)

150

0

200

50

f=0.47 rad/s
=5 s
2
0=0.02 deg/s

0.35
f=0.2513
0=0.02

rad/s
deg/s2

<5.7 s
=5.8, 6, 7, 10, 12 s
=13 s
=14 s
=15, 20, 50 s

=1 deg

0.2
0.15

0

150

−0.01
200

−0.02
−0.05

0.3

=0.1 deg
=1 deg
=3 deg
=5 deg

UNSTABLE

UNSTABLE

(b)

0.2

1
0.5

0.1
0.05
NOTE: always stable for
deg

0

STABLE

-0.05
100
(deg)
1

(c)

150

200

1672.2

0

50

100
(deg)

0
−0.5

STABLE

1000
500

-0.05
50

(c)
2000
1500

u

0.1

0

0.05

1.5

0.15

0.05
0

0
e (rad)

0.25

β

0.3

100
(deg)
1

(b)

(a)
0.35

0.25

STABLE

-0.05

-0.05

β

0

UNSTABLE

0.2
β

UNSTABLE

f=0.47 rad/s
=5 s
=1 deg

0.3

0.6911 rad/s

=1, 3, 4, 5 rad/s
f

=1 deg

0.2

0.35

=0.2513 rad/s

f =0.47,

deg/s2

Fuel units

f

=5 s

0.3

ed (rad/s)

0.35

150

−1

200

−1.5
0

1

(d)

500

1000
1500
Time (s)

2000

0
0

500

1000
1500
Time (s)

2000

Figure 9: Describing function stability maps for
Case 1 showing: (a) the e ect of the cuto frequency !f ; (b) the e ect of the base acceleration
0; (c) the e ect of the velocity gain ; and (d) the
e ect of the deadband limit  .
The upper limits of these parameters are set by
design requirements or available hardware.
The model corresponding to Case 1 (Fig. 7)
was simulated using the parameters in Tables 2
and 4. Simulation results for an initial base angular error of 0.05 rad are shown in Fig. 10. Figures 10(b) and (c) show that thrusters are ring continuously, thus resulting in a high total
fuel consumption of 1672.2 fuel units, and a large
rate of fuel consumption. Therefore, the system is
classi ed as unstable. Moreover, the phase-plane
trajectories in Fig. 10(a), show that a large limit
cycle is reached due to the dynamic interactions.

Figure 10: Simulation results for Case 1:
(a) Spacecraft error phase plane; (b) Thruster
command history; and (c) Fuel consumption.
continuously and the fuel-consumption curve is
at, thereby resulting in a near-zero rate of fuel
consumption, similar to that for a rigid body system. In this case, the total fuel consumption is
very small compared to Case 1, namely, 39.7 fuel
units only. Therefore, it is observed that the use
of the proposed state estimator increases the performance of the control system signi cantly, and
extends the system operational life. In addition,
using the describing function method, it can be
shown that this estimator results in a system that
is almost always stable for the whole range of parameters, thus resulting in signi cantly increased
stability margins in comparison to Case 1.

However, using the system con guration of
Case 2, shown in Fig. 8, with the same parameters, provides very interesting results, as shown
in Fig. 11. From Figs. 11(a) and (b), it can be seen
that a limit cycle contained between the switching lines is reached, which leads to a stable system. Figures 11(c) and (d) are also typical of a
stable system, since the thrusters are not ring

5. CONCLUSIONS
This work examined the dynamic interactions
between the attitude controller of a spacecraft
and the exible modes of a space manipulator
mounted on it. A general technique to model
the dynamics of a space manipulator with exible joints was developed, and a simple planar model was used to analyze two di erent
control/estimation schemes with the describingfunction method. Guidelines for the design of
such systems were produced. This study also
showed that the use of an asymptotic state esti-

Table 4: Free-parameter values for simulations.
 (s)
 1 !f (rad=s)
0

2
.25 10 0:02 =s 1 135 0.2513
7

(a)

−3

x 10

(b)

−4

5

x 10

−0.5

ed (rad/s)

ed (rad/s)

0

−1
−1.5

[5]

0

−2

[6]

−2.5
−3

−0.02

0

0.02
e (rad)

−5

0.04

−0.02

(c)

0
e (rad)

0.02

[7]

(d)

1.5

2000

1
1500

Fuel units

u

0.5
0
−0.5

[8]

1000
500

−1

[9]

39.7
−1.5
0

500

1000
1500
Time (s)

2000

0
0

500

1000
1500
Time (s)

2000

Figure 11: Simulation results for Case 2:
(a) Spacecraft error phase plane; (b) Spacecraft
error phase plane (zoom); (c) Thruster command
history; and (d) Fuel consumption.
mator improves signi cantly the stability and the
performance of the system.

[10]
[11]
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APPENDIX
The Mij entries of M in eq.(17) are given by
M11 = m0 + m1
M12 = 0
M13 = m1r0 sin 0 m1l1 sin(0 + 2)
M14 = m1l1 sin(0 + 2 )
M22 = m0 + m1
M23 = m1r0 cos 0 + m1l1 cos(0 + 2)
M24 = m1l1 cos(0 + 2 )
M33 = I0 + I1 + m1 r02 + m1 l12 + 2m1 r0l1 cos 2
M34 = I1 + m1 l12 + m1 r0l1 cos 2
M44 = I1 + m1 l12
(25)
and the elements of n in eq.(17) are given by
n1 = [m1r0 cos 0 + m1l1 cos(0 + 2)]_02
2m1 l1 cos(0 + 2 )_0 _2
m1l1 cos(0 + 2)_22
n2 = [m1r0 sin 0 + m1l1 sin(0 + 2)]_02
2m1 l1 sin(0 + 2 )_0 _2
m1l1 sin(0 + 2 )_22
n3 = m1r0l1 sin 2 _22 2m1 r0l1 sin 2_0_2
n4 = m1 r0l1 sin 2_02
(26)
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