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ABSTRACT

Space manipulators mounted on an on-off
thruster-controlled base are envisioned to assist
in the assembly and maintenance of space struc-
tures. When handling large payloads, manipula-
tor joint and link flexibility become important,
for it can result in payload-attitude controller
fuel-replenishing dynamic interactions. In this
paper, the dynamic behaviour of a one-flexible-
joint manipulator on a free-flying base is studied,
while its parameters are matched with available
space-manipulator data. Describing functions are
used to predict the dynamic performance of two
alternative controller/estimator schemes, and to
conduct a parametric study on the influence of
key system parameters. Design guidelines and a
particular state-estimator are suggested that can
minimize such undesirable dynamic interactions
as well as thruster fuel consumption.

1. INTRODUCTION

Robotic devices in orbit will play an important
role in space exploration and exploitation. The
mobility of such devices can be enhanced by
mounting them on free-flying bases, controlled by
on-off thrusters. Such robots introduce a host of
dynamic and control problems not found in ter-
restrial applications. When handling large pay-
loads, manipulator joint or structural flexibility
becomes important and can result in payload-
attitude controller fuel-replenishing dynamic in-
teractions. Such interactions may lead to con-
trol system instabilities, or manifest themselves
as limit cycles [1].

The CANADARM-Space Shuttle system is the
only operational space robotic system. Its Re-
action Control System (RCS), which makes use

of on-off thrusters, is designed using single-axis,
rigid-body motion, and a thruster switching logic
based on phase-plane techniques. This approach
is common in the design of thruster-based control
systems. The flexible modes of this space robotic
system have rather low frequencies, which con-
tinuously change with manipulator configuration
and payload, and can be excited by the RCS ac-
tivity. The performance degradation of the RCS
due to the deployment of a flexible payload, with
or without the CANADARM, was studied in [2].
A new design for the RCS was developed to re-
duce the impact of large measurement uncertain-
ties in the rate signal during attitude control, as
reported in [3]. The performance of the RCS is in-
creased significantly for rigid-body motion. How-
ever, the flexibility problem was not addressed.
Currently, the method for resolving these prob-
lems consists of performing extensive simulations.
If dynamic interactions occur, corrective actions
are taken, which would include adjusting the RCS
parameter values, or simply changing the opera-
tional procedures [2]. The consequences of such
interactions can be problematic, since fuel is an
unavailable resource in space; hence, classical at-
titude controllers must be improved to reduce the
possibility of such dynamic interactions.

This problem was studied using a single mode,
linear translational mechanical system to approx-
imate the dynamic behavior of a two-flexible
joint manipulator mounted on a three-degrees-
of-freedom (dof) base [4]. A particular state-
estimator model and design guidelines were sug-
gested to minimize such undesirable dynamic in-
teractions, as well as thruster fuel consumption.
In this paper, these results are validated using a
more realistic model with rotational dof. A gen-
eral technique to model a space manipulator with



flexible joints is first developed and used to de-
rive the dynamics of a planar system consisting
of a single-flexible-joint manipulator on a three-
dof spacecraft. The describing function technique
and simulations are used to study this four-dof
system and show the increase in performance that
can be obtained using the state-estimator model
developed in [4]. Design guidelines for such sys-
tems are also presented.

2. SYSTEM DESCRIPTION

Dynamics Modelling

In this section, the dynamic model of an N-
flexible-joint space manipulator is obtained using
a Lagrangian approach. Since the travel of the
system is assumed to be relatively short in length
and duration, the dynamical effects due to orbital
mechanics are neglected. The kinematics of the
free-flying space manipulator is expressed using
the spacecraft centre of mass (CM) C' as a refer-
ence point to describe the translation of the sys-
tem. The inertial position vector of an arbitrary
point P of the system, p, can be written as

p=c+p (1)

where ¢ is the position vector of C' and p is the
position vector of point P with respect to C, as
shown in Fig. 1. The position vector p can be
further expressed as

p=ci+p; (2)

where c¢; is the position vector of the CM C; of the
:-th body with respect to the spacecraft CM, and
p; is the position vector of point P with respect
to the ¢-th body CM. The position vector ¢; can
be expressed as

-1
Ci:r0+2(rk_lk)_li7 t=1,---,N (3)
k=1

with vectors {r;}5™! and {l;}} indicated in
Fig. 1. The velocity of the point P on the ma-
nipulator is expressed as

p=c¢c+¢ +w; Xp; (4)
with
i1

éi:woxro—kakx(rk—lk)—wixli (5)
k=1

where wq is the angular velocity of the spacecraft,
and w; is the angular velocity of the coordinate
frame attached to the ¢-th link of the manipulator,
which can be expressed as

wi=wo+ Y Oz (6)
k=1

where ézk is the joint rate of the k-th joint and zg
is the unit vector along the axis of rotation of the
same joint, see Fig. 2.

By choosing a set of Euler angles § to describe
the attitude of the base, its angular velocity wyq
can then be expressed in terms of the Euler rates

b as [5]

wo = So(6)é (7)
. /mk.f e oqlink 1

Figure 1: A space manipulator system.

Assuming lumped flexibility at the joints, links
are considered rigid and Eqs.(4) and (5) can be
substituted in the kinetic energy expression of the
manipulator, given by

1 ST
Ty = ) /M pipdM =To+ Ty +T,  (8)

where M is the total mass of the system, and Tj,
Ti, and T, are defined as
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Figure 2: A flexible-joint model.



with m; and I; being the ¢-th body mass and mo-
ment of inertia with respect to the centre of mass
of the corresponding body.

Now, assuming direct drives, see Fig. 2, and
defining 0,, = [01,65,- - -, 02N_1]T as the vector of
the rotor-joint variables, at the joints, the kinetic
energy of the rotors is
1.

T .
Ty = 20mJ0m (9)
where J is the rotors moment of inertia matrix.
For a free-flyer, microgravity effects are very
small compared to control forces, and hence, they
are neglected. Thus, the potential energy is only

due to joint elasticity, and can be written as
1
V= 5M)TKA@ (10)

where K is a stiffness matrix and A@ a vector
representing the difference between the angular
position of the link and the angular position of
the rotor, its ¢th component being 8; — 85;_1.

Viscous friction forces due to damping can be
taken into account using Rayleigh’s dissipation
function R, given by

R= %AéTCAé (11)

where C is a damping matrix.
The sum of all powers developed by driving de-
vices supplying controlled forces is given by

1= TTém +fle 4 nTwo (12)

where 7 is the vector containing all torques ap-
plied by the motors at each joints, while f and n
are the forces and moments applied to the space-
craft with devices like thrusters and/or momem-
tum wheels. Note that if vector ¢ is expressed in
the inertial frame, f must be expressed in the same
frame. If t denotes the thruster forces expressed
in the spacecraft frame, then f can be written as

f = R(6)t (13)

where R(6) is a rotation matrix carrying the in-
ertial frame into an orientation identical to that
of the spacecraft frame. Therefore, using Eqs.(7)
and (13), Eq.(12) becomes

M=779, + (Rt)T¢+nTsy6 (14)

In the realm of the Euler-Lagrange equations,

T
we use q = {CT7 5T, OT} , where 8 is the vector of

the joint angles of both the rotors and the links,
which are different due to flexibility, and all other
quantities have been defined in Eqgs.(1) and (7).
Then, applying Euler-Lagrange equations

d /0T or ov._ 0

i (57) ~ 5 * 5 = 9
for:=1,---,6 42N, the equation of motion can
be written as

Mq+Cyq+Kyq+n=2¢ (16)
where M is a (64+2N) X (64 2N) positive-definite
mass matrix, C,, Ky and n containing the damp-
ing coeflicient terms, the stiffness terms and the

nonlinear velocity terms respectively, while ¢ is
the vector of generalized forces.

(L= R)  (15)

Controller Structure

The technology currently available does not allow
the use of proportional thruster valves in space,
and thus, the classical PD and PID control laws
cannot be used. Therefore, spacecraft attitude
and position are controlled by the use of on-off
thruster valves, that introduce nonlinearities.

The usual scheme to control a spacecraft with
on-off thrusters is by the use of the error phase
plane, defined as having the spacecraft attitude
error e and error rate é as coordinates. The on-
and-off switching is determined by switching lines
in the phase plane and can become complex, as for
example, the phase plane controller of the Space
Shuttle [2]. To simplify the switching logic, two
switching lines with equations e + Aé = £4§ have
been used, as shown in Fig. 3. The deadband
limits [—4, &] are determined by attitude limit re-
quirements, while the slope of the switching lines,
by the desired rate of convergence towards the
equilibrium and by the rate limits. This switching
logic can be represented as a relay with a dead-
band, where the input is e+ Aé, the left-hand side
of the switching-line equations, see Fig. 4.

To compute the input to the controller, the po-
sition and the velocity of the base are required.
Using current space technology, both states can
be obtained from sensors. However, it can hap-
pen that only the attitude is available and then,
the angular velocity must be estimated.

3. SIMPLIFIED SYSTEM

In this section, the equations of motion of a sim-
plified system are developed using the modelling
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Figure 3: Switching logic in the error phase plane.
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Figure 4: Controller block.

techniques presented in Section 2. Here, we con-
sider the planar-one-flexible-joint manipulator on
the 3-dof spacecraft of Fig. 5. We assume that
only on-off thrusters are available to control the
attitude of the spacecraft, and that the moments
produced are either 0, 7,4 OF —Npq.. Moreover,
we assume that no control on the local zg and yq
direction of the spacecraft is exerted.

Figure 5: A planar free-flying manipulator.

If we assume that the joint is braked in a spe-
cific configuration €y, then the vector of general-
ized coordinates is q = [zs, ys, 0o, OQ]T, where
x5 and y; are the spacecraft CM coordinates with
respect to an inertial frame, 8y is the spacecraft
attitude, and 6, is the angular position of link 1.
Applying the techniques of Section 2, the equa-
tions of motion are obtained as

—Céz + k@l - k@z =T (17&)
M(q)G+Cq+Kq+n=¢ (17b)

where all matrices are of 4 x 4 and all vectors are
4-dimensional. Moreover,

C =diag(0 00 ¢), K =diag(000 k),
¢ =10, 0, n, k61]"

with the components M;; of M and n; of n being
given in the Appendix.

Equation (17a) gives the expression for the
torque required to brake the joint, and Eq.(17b)
represents the dynamics of the system. This equa-
tion can be linearized about an operating point.
For example, the point 6y = 6 = const., and 65 =

¥ = const. Defining dq = [0z, dys, 060, 501]T,
where 60y = 6y — 65 and 06, = 0, — 67, the lin-

earized equations can be written as
M(65,67)04 + Coq+ Koq=¢;  (18)

where M, C and K where already defined in
Eq.(17) and ¢, is now given by

¢l = [07 07 n, O]T (19)

The natural frequencies of this system are sim-
ply given by the square roots of the eigenvalues
of the dynamic matrix W, which is defined as

W =M(;,607) 'K (20)

with M(6;,07) being a positive-definite matrix,
and hence, nonsingular. Moreover, three eigen-
values are zero and correspond to spacecraft rigid
modes, while the fourth one corresponds to joint
flexibility.

Note that a payload can be added at the end of
the link without any modification of the previous
dynamic model. The parameters of the link, m,
Iy, r1 and Iy, just have to be adjusted accordingly.
We can also define the parameter § as the ratio
of the mass of the payload over the mass of the
base, f = m,/mg, where m, is the mass of the
payload. It is also useful to define the parameter
as the angular acceleration of the spacecraft, v =
n/Ily,, where I, is the moment of inertia of the
whole system about the spacecraft CM. Finally,
we define v as the nominal angular acceleration
of the spacecraft itself, i.e., yo = n/Ip.

4. CONTROL AND ANALYSIS

Frequency-Domain Analysis

Since the attitude controller assumes use of on-off
thrusters, which are nonlinear devices, the system
cannot be adequately analyzed through the appli-
cation of linear analysis methods. This problem
is solved using the describing-function method,
which can predict the existence of limit cycles in
nonlinear systems [6, 7].



In order to use this method, the system under
study must be partitioned into a linear and a non-
linear part. Then, it is transformed into the con-
figuration shown in Fig. 6. G(jw) is the frequency
response of all the linear elements in the system
and N(A,w) is the describing function of the non-
linearity, which is tabulated in many books, e.g.,
in [7]. The reader is refered to [6] and [7] for a
detailed description of the method, and to [4] for
the application of this method to the problem at
hand. The same stability definition derived in [4]
is used in this paper, and is reproduced here.

Stability Definition

1. Unstable system. This is either a system
whose motion diverges or a system whose mo-
tion reaches a limit cycle that is not con-
tained inside the switching lines as for a rigid
body limit cycle, thus resulting in a large rate
of fuel consumption;

2. Stable system. This is a system whose mo-
tion reaches an unavoidable limit cycle sim-
ilar to a rigid-body limit cycle, thus being
contained between the switching lines, and
resulting in a near-zero rate of fuel consump-
tion, as for a rigid system.

For the simplified system at hand, the dynam-
ics of the plant is nonlinear. However, it is still
possible to use the linearized model of the plant
and obtain the transfer function that relates the
moment n applied to the spacecraft, to its atti-
tude 0g. Note that this transfer function is inde-
pendent of the attitude of the spacecraft since, in
space, the system behaviour is exactly the same,
whatever the attitude is. It was thus possible

to transfer our system into the configuration of
Fig. 6.

Control Laws

As stated in Section 2, the attitude and its rate
are required to compute the input to the con-
troller. However, it may happen that only the

Describing Linear
Function Element

r(t)OJr% x(t) A w(t) clie) y(t)

Figure 6: A feedback system whose nonlinear part

has been replaced by its corresponding describing
function.

attitude is available and thus, a state estimator
must be used to obtain the required velocity. As
shown in [4], the use of sensors to obtain the rate
of the base may deteriorate the performance of the
system due to the high-frequency filtering require-
ments. Here, we consider that only the attitude is
available from sensors, and, hence, to obtain the
velocity, we use two different state estimators.

In Case 1, a controller-plant-estimator configu-
ration similar to the one used on the Space Shuttle
is employed [2]. The plant is described by its non-
linear model for simulations, while its linearized
model is used for describing-function purposes. A
differentiator combined with a second-order filter
is used to obtain a velocity estimate, as shown in
Fig. 7. The differentiation of a noisy signal is usu-
ally not recommended because it amplifies noise.
However, in this case, it is possible to use a scheme
where only the flexible part of the motion needs to
be differentiated. This means that, at the limit,
for a rigid system, no differentiation is necessary.
This state estimator can give very good results
when flexibility is low. The differentiator-filter is
given by sG.(s) where

w2

Gse (S) - 52 + QCSS::;SS + wZe (21)

The attitude feedback is also low-pass-filtered us-
ing a second-order filter represented by the trans-
fer function Gf(s), namely,

wj
s? + 2Cfwrs + wj%

Grls) = (22)
For this filter, we use (y = 0.707, and let wy free
to vary, while, for the differentiator-filter, we use
values that correspond to the ones used on the
Space Shuttle [2], namely, ws. = 0.2513 rad/s and
Cse = 0.707

plant 1 80
dynamics

+
diff/filter
8 )
Gy (s,
7(s)
filter

Figure 7: Case 1: model with a velocity estimator
and a position filter.

[ controller plant state estimator

For Case 2, an asymptotic state observer is used
to obtain an estimate for the attitude and its rate



from an attitude measurement [8]. The config-
uration corresponding to this case is depicted in
Fig. 8. The estimator, which is model-based, is
built using the linearized model of the plant, writ-
ten is state-space form, namely,

x=Ax+ bu
y = Cx

However, for simulation purposes, the plant is de-
scribed by its full nonlinear model. To be observ-
able, the z; and y, positions of the spacecraft and
its attitude 6y must be available for feedback in
the estimator. Therefore, the gain matrix L, as
shown in Fig. 8, is of 8 X3 and thus, 24 gains must
be determined. Multiple solutions are possible, of
which we choose the one implemented in Matlab,
which makes use of the algorithm presented in [9].
The 8 pole locations are those of the Butterworth
filter at the chosen frequency w; [10].

plant

Bue=0, +, + =T plant
« X UL dynamics
relay delay
N 5, U, 6

>

e

controller

Figure 8: Case 2: model with an asymp. st. est.

In these two cases, a time delay 7, see Figs. 7
and 8, has been included to account for the delay
between the time a sensor reads a measurement,
and the time this measurement is used. Since this
delay is more significant than the delay of turning
on or off the thrusters, only a sensor time delay
is included.

Parametric Studies and Results

The frequency expression of Eq.(20) was used to
obtain the required spring stiffness k£ and damp-
ing coefficient ¢ of the flexible joint such that
the first natural frequency of the Space Shut-
tle/CANADARM system was matched for a spe-
cific configuration, without payload. Using the
system parameter values of Table 1 [11], where
r. = (27124 15.50mg) /(3204 Bmyg), the required
k and ¢ were found to be

k= 123,985 Nm/rad (23)
¢ = 6,166 Nms/rad (24)

for the CANADARM in a configuration that cor-
responds to the one of Fig. 5, with 6; = 0, =
45 deg. In this configuration, its first natural fre-
quency is w, = 27(0.32) rad/s, and the damping
ratio is ¢ = 0.05, without payload.

Using the describing function method, a para-
metric study was undertaken to investigate the
significance of key system parameters. The two
cases presented above are analyzed using the fixed
parameter values of Table 2, and the range of pa-
rameter values of Table 3, both being based on
available space manipulator data [11].

The results of the parametric study for Case 1
are illustrated with the use of stability maps, as
those depicted in Fig. 9. Figure 9(a) shows the
stability boundary for different cutoff frequen-
cies wy of the second-order filter G'f(s) given by
Eq.(22). The region below such boundary rep-
resents a zone where the system is stable, while
the region above corresponds to a zone of insta-
bility. As shown in the same figure, the stability
zone can be increased by increasing the cutoff fre-
quency wy. Analyzing the graphs in Fig. 9 in a
similar way, guidelines for the design of attitude
control systems when flexibility is a major con-
cern, are obtained as follows:

1. The cutoff frequency w; for the filters should
be chosen as large as possible to avoid insta-
bility;

2. the velocity gain A should be chosen with care

since the system can be unstable for low and
high velocity gain values;

3. the acceleration of the base vg should be kept
small for stability. Unstable types of behav-
ior are more likely to occur for large 7o;

4. deadband limits & should be chosen as large
as possible to avoid instability.
Table 2: Fixed-parameter values.

[7(5) [wse (rad/s) | & [ G |
| 0.1 [ 0.2513 ]0.707 | 0.707 |

Table 3: Free-parameter values.

3 0.01<3<0.3
X (s) 0.1 <A<50
Yo (deg/s?) 0.002 < 7o < 2
§ (deg) 0.1<3<20
0, 0°, 45°, 90°, 135°, 180°
wy (rad/s) 0.2513 < wy <20




Table 1: Shuttle, simplified 1-link manipulator and payload parameter values.

[Body [[li (m) | ri(m) | my (kg) |

I; (kg m?) |

0 1 75,000

1,635,937

1 Ze 15.5 —x. | 320+ fmg

(320 + Bmo)a? — (54235 + 318mo)a. + 31424.11 + 240.258my
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Figure 9: Describing function stability maps for
Case 1 showing: (a) the effect of the cutoff fre-
quency wy; (b) the effect of the base acceleration
vo; (c) the effect of the velocity gain A; and (d) the
effect of the deadband limit 4.

The upper limits of these parameters are set by
design requirements or available hardware.

The model corresponding to Case 1 (Fig. 7)
was simulated using the parameters in Tables 2
and 4. Simulation results for an initial base an-
gular error of 0.05 rad are shown in Fig. 10. Fig-
ures 10(b) and (c) show that thrusters are fir-
ing continuously, thus resulting in a high total
fuel consumption of 1672.2 fuel units, and a large
rate of fuel consumption. Therefore, the system is
classified as unstable. Moreover, the phase-plane
trajectories in Fig. 10(a), show that a large limit
cycle is reached due to the dynamic interactions.

However, using the system configuration of
Case 2, shown in Fig. 8, with the same param-
eters, provides very interesting results, as shown
in Fig. 11. From Figs. 11(a) and (b), it can be seen
that a limit cycle contained between the switch-
ing lines is reached, which leads to a stable sys-
tem. Figures 11(c) and (d) are also typical of a
stable system, since the thrusters are not firing

Table 4: Free-parameter values for simulations.

| B IAE)] v [0 ] 6 [wy(rad/s)]
| .25] 10 [0.02°/s® [ 1° [ 135° | 0.2513 |

©

2000
1672.2
1500

1000

Fuel units

500

-1.5 0
0 500 1000 1500 2000 0 500 1000 1500 2000
Time (s) Time (s)

Figure 10: Simulation results for Case 1:
(a) Spacecraft error phase plane; (b) Thruster
command history; and (c) Fuel consumption.

continuously and the fuel-consumption curve is
flat, thereby resulting in a near-zero rate of fuel
consumption, similar to that for a rigid body sys-
tem. In this case, the total fuel consumption is
very small compared to Case 1, namely, 39.7 fuel
units only. Therefore, it is observed that the use
of the proposed state estimator increases the per-
formance of the control system significantly, and
extends the system operational life. In addition,
using the describing function method, it can be
shown that this estimator results in a system that
is almost always stable for the whole range of pa-
rameters, thus resulting in significantly increased
stability margins in comparison to Case 1.

5. CONCLUSIONS

This work examined the dynamic interactions
between the attitude controller of a spacecraft
and the flexible modes of a space manipulator
mounted on it. A general technique to model
the dynamics of a space manipulator with flex-
ible joints was developed, and a simple pla-
nar model was used to analyze two different
control /estimation schemes with the describing-
function method. Guidelines for the design of
such systems were produced. This study also
showed that the use of an asymptotic state esti-
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Figure 11: Simulation results for Case 2:

(a) Spacecraft error phase plane; (b) Spacecraft
error phase plane (zoom); (¢) Thruster command
history; and (d) Fuel consumption.

mator improves significantly the stability and the
performance of the system.
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APPENDIX

The M;; entries of M in eq.(17) are given by

My =mg+m

M3 =0

Mis = —myrgsin g — mqly sin(fg + 63)

Mys = —mqly sin(6p + 63)

Mz = mo +my

Mass = myrgcos 8y + mqly cos(bp + 62)

Mas = mqly cos(6y + 03)

Mas =T+ 1 + mlrg + mll% + 2myrgly cos
Msys =11 + mll% + myroly cos by

Myy = I + myl} (25)

and the elements of n in eq.(17) are given by

ny = —[myrgcos g + myly cos(bp + 02)]93
—2my 1y cos(Bg + 02)606;
—mqly cos(fy + 92)93

ng = —[myrgsin g + mqly sin(fg + 02)]9(2)
—2my 1y sin(6g + 6)006;
—myly sin(8y + 6,)62

ns = —myroly sin 029% — 2myroly sin 65006,

Ny = mlf‘oll sin 020(2) (26)



